Analytic application of the mean crossover function to the description
























Analyti appliation of the mean rossover funtion to the desription of the
isothermal ompressibility of xenon
Yves Garrabos, Carole Leoutre, Fabien Palenia
Equipe du Superritique pour l'Environnement, les Matériaux et l'Espae
- Institut de Chimie de la Matière Condensée de Bordeaux - UPR 9048,
Centre National de la Reherhe Sientique - Université Bordeaux I - 87,
avenue du Doteur Shweitzer, F 33608 PESSAC Cedex, Frane
(Dated: 24 July 2007)
We use the mean rossover funtions [Garrabos and Bervillier, Phys Rev. E 74, 021113 (2006)℄
estimated from the bounded results of the Massive Renormalization sheme applied to the Φ4d (n)
model in three dimensions (d = 3) and salar order parameter (n = 1) [Bagnuls and Bervillier, Phys.
Rev. E 65, 066132 (2002)℄, to represent the singular behavior of the isothermal ompressibility of
xenon along the ritial isohore in the homogeneous preasymptoti domain. The validity range and
the Ising nature of the rossover desription are disussed in terms of a single sale fator whose
value an be analytially estimated beyond the Ising-like preasymptoti domain.
PACS numbers: 64.60.Ak., 05.10.C., 05.70.Jk, 65.20.+w
1. INTRODUCTION
The Ising-like nature of the universal features of the
one-omponent uids lose to their vapor-liquid ritial
point is now well-established (author?) [1℄. These uni-
versal features an be estimated by using a renormaliza-
tion approah (author?) [2℄ of the lassial-to-ritial
rossover behavior (author?) [3℄ for three-dimensional
(3D) Ising-like systems with a symmetrial order pa-
rameter density. Espeially, the massive renormalization
sheme (author?) [4, 5, 6℄ applied to the Φ4d=3 (n = 1)
model (d and n are the dimensions of the spae and order
parameter density, respetively), has been reently revis-
ited (author?) [7℄ to provide max and min rossover
funtions whih inlude updated estimations (author?)
[8℄ of the universal values for exponents and amplitude
ombinations. Subsequently, a related paper (author?)
[9℄ has provided a unique universal form of the mean
rossover funtions, whih enabled asymptoti desrip-
tion of the universal features valid within the Ising-
like preasymptoti domain exatly, by eliminating the
inreasing unertainties assoiated with the asymptoti
error-bar propagation in the initial min and max estima-
tions of the ritial exponents.
These rossover funtions have been used to analyze
for example, the singular behavior of the orrelation
length of seven pure uids in their homogeneous do-
main (author?) [10℄ or the singular behavior of the
squared apillary length of twenty pure uids in their
non-homogeneous domain (author?) [11℄. For both
ases, it was shown that the sale dilatation method pro-
posed by one of us (author?) [12, 13, 14, 15, 16℄ gives
a orresponding master singular behavior for the one-
omponent uid sublass whih agrees with a desription
by an appropriate modiation of the theoretial fun-
tion (author?) [17℄ within the Ising-like preasymptoti
domain. As a matter of fat, suh an exat behavior of
eah theoretial funtion, approximated by a two-term
Wegner-like expansion (author?) [18℄ lose to the non-
trivial xed point, is an essential tool to provide better
understanding of the basi relations between the mea-
sured asymptoti amplitudes and the unknown (uid-
dependent) sale fators introdued by linear approxima-
tions between bare elds and physial elds (author?)
[19℄. From the analogy with the sale dilatation method
whih relates the master elds to the physial elds intro-
duing two well-dened ritial parameters of eah uid,
it was then reently proposed (author?) [17℄ an unam-
biguous modiation of the mean theoretial funtions
to represent the master rossover for the one-omponent
uid sublass (labeled {1f}) in onformity with the orre-
sponding universal features of the Ising-like universality
lass (labeled Φ3 (1)). In the following, the theoretial
funtions (valid for any three-dimensional Ising-like sys-
tem) estimated in Ref. (author?) [9℄ are alled mean
rossover funtions and the related referene (author?)
[9℄ is labeled I, while their modiation (only valid for
the one-omponent uids) proposed in Ref. (author?)
[17℄ are alled master rossover funtions and the related
Ref. (author?) [17℄ is labeled II .
The validity range of the mean rossover funtions is
theoretially funded only within the Ising-like preasymp-
toti domain (i.e. for t . LIsing
PAD
, where t is the thermal-
like eld along the ritial isohore, i.e. for h = 0,
where h is the magneti-like eld , see II). Espeially,
the uniqueness of the asymptoti sale fator, whih
ats as a rossover parameter along the ritial isohore,
has never been learly demonstrated for the eetive
extended asymptoti domain where the mean rossover
funtions t orretly the experimental results. The main
goal of the present paper addresses to the expliit alu-
lation of this single rossover parameter using the mean
rossover funtions beyond the Ising-like preasymptoti
domain.
We onsider in detail the singular behavior of the
isothermal ompressibility κT (∆τ
∗) and the orrelation
length ξ (∆τ∗) of xenon as a funtion of the redued
temperature distane ∆τ∗ = T−Tc
Tc
, along the ritial
2isohore, in the homogeneous domain T > Tc, [T (Tc)
is the temperature (ritial temperature)℄. Xenon is
here seleted as a standard ritial uid in the sense
that the present work only uses quantities whih orig-
inate from theoretial arguments, now well-understood,
to link three independent dimensionless amplitudes to
the needed three sale fators (author?) [20℄. As a mat-
ter of fat, the t of suseptibility and orrelation length
data obtained by Güttinger and Cannell (author?) [21℄
from their preise turbidity measurements in the tem-
perature range 0.028K ≤ T − Tc ≤ 29K, an then be
used as representative of an ideal result in order to
hek arefully the temperature range where the value
(and its attahed unertainty) of the sale fator har-
ateristi of the thermal eld is eetively determined.
This singular behavior was rst analyzed (author?) [22℄,
jointly with singular behaviors of the orrelation length
(author?) [21℄ and the heat apaity (author?) [23℄,
using preisely the initial estimations (author?) [4℄ of
the rossover funtions from the massive renormalization
sheme. In addition to the experimental ritial tem-
perature Tc(≃ 289.74K), pressure pc (≃ 5.84MPa), and
density ρc
(≃ 1110 kgm−3), for the rst time a minimal
quantity made of three Ising-like non-universal parame-
ters of xenon was introdued as a set of a single ritial
wavelength (noted g0) and two dimensionless sale fators
(noted ϑ and ψ) for the thermal-like (t) and magneti-
like (h) elds, respetively, with the analytial relations
t = ϑ∆τ∗ and h = ψρ∆µ˜ valid for the asymptoti limits
t → 0 and h → 0 (author?) [19, 22℄. ∆µ˜ is the stan-
dard notation of the dimensionless ordering eld in the
uid ase (author?) [24℄, whih is related to the hemi-
al potential dierene to the ritial hemial potential
[see below Eq. (16)℄. In the following, when we refer
to this initial result obtained by tting the experimen-
tal data with the (max) rossover funtions estimated for




Now, using the updated mean rossover funtions given
in I, the main objetive is to replae the tting adjust-
ment of the uid-dependent parameters g0, ϑ, and ψρ,
by their exat asymptotial values dened in II, only
introduing three master numbers (noted Θ{1f}, L{1f},
and Ψ{1f}) whih are harateristis of the {1f}-sublass
(see II). In that sheme, g0-, ϑ-, and ψρ-values origi-
nate from alulations of the three uid-dependent ampli-
tudes ξ+0 , Γ
+
, and a+χ (in standard notations (author?)
[24, 25℄), using the sale dilatation method where eah
uid is haraterized by only four well-dened ritial
point oordinates. Suh results aount for the master
singular behavior of the {1f}-sublass observed within
the Ising-like preasymtoti domain bounded by a known






in II), in onformity with
the two-sale fator-universality of the Φ3 (1)-universality
lass. As a main result expliited below [see Eqs. (35)
and (40)℄, we unambiguously probe that the tempera-
ture range ∆τ∗
min
< ∆τ∗ < ∆τ∗
max
overed by the Güt-
tinger and Cannell's experiments is beyond the Ising-like
preasymptoti domain, i.e. ∆τ∗
min
(≃ 10−4) > LIsingPAD
ϑ
.
Moreover, after the initial analysis of Ref. (author?)
[22℄, the Güttinger and Cannell's xenon data were also
used (author?) [26, 27, 28, 29, 30℄ in support for disus-
sion of several theoretial (author?) [31, 32, 33, 34, 35℄
and phenomenologial (author?) [36, 37, 38, 39, 40℄ ap-
proahes of the rossover phenomena. As an essential
ommon result, a single temperature-like rossover pa-
rameter seems appropriate for a omplete harateriza-
tion of the lassial-to-ritial rossover in pure uids,
whatever the seleted rossover theory or the phenomeno-
logial approah (for omparative analyses, see for exam-
ple Ref. (author?) [1℄ and referenes therein). However,
the theoretial understanding in terms of a Ising-like rit-
ial rossover haraterized by the asymptoti value of
the sale fator ϑ appears limited for two main reasons: i)
the tted data are not within the Ising-like preasymptoti
domain; ii) any rossover funtion is only well-dened
within the Ising-like preasymptoti domain t . LIsing
PAD
(see I and II). Espeially for the suseptibility ase, suh
a result annot be used in omparative analyses whih
debate on the orret shape of the temperature depen-
dene of the eetive exponent γ dened as universal
funtions of a single dimensionless variable (author?)
[26, 27, 28, 29, 30, 32, 33, 35, 39, 40℄.
Our present attention is then mainly foused on the
determination of a thermal-like sale fator, noted ϑL,
alulated from the appliation of the mean rossover
funtion beyond the preasymptoti domain. Our analyti
proedure developed hereafter aims to retrieve the Ising-
like universal features only using well-dened energy and
length units, and a well-ontrolled number (three) of well-
dened dimensionless sale fators given in a form of a
set SSF as dened in II [see also Eqs. (25) and (26) be-
low℄. We stritly avoid adjusting the system-dependent
parameters by a minimization of tting errors to demon-
strate that ϑL ≡ ϑ. Alternatively, using both estima-
tions of the eetive exponent and amplitude values (au-
thor?) [41℄, we alulate the loal value of ϑL (∆τ
∗) to
verify the uniqueness of the ϑL value and its identity with
the ϑ value when ∆τ∗ → 0. Aordingly, our method
oers the great advantage to diretly re-use previous re-
sults obtained by tting experimental data with an ef-
fetive power law valid in a limited temperature range
(author?) [24, 42, 43℄. Therefore our attention is also
foussed on the orresponding analyses of the isothermal
ompressibility data obtained from pV T measurements
(author?) [44, 45, 46, 47, 48℄ overing the temperature
range 0.1K ≤ T − Tc ≤ 283.41K, light sattering mea-
surements (author?) [21, 49, 50, 51, 52, 53℄ overing the
temperature range 2.6mK ≤ T − Tc ≤ 29K, and inter-
ferometry measurements (author?) [54, 55, 56℄ overing
the temperature range −0 . T − Tc ≤ 29K, extending
then signiantly the temperature range investigated by
the present study. We simultaneously provide the ee-
tive redued temperature range of the extended asymp-










ϑ(Xe) (see II and below), where isother-
mal ompressibility of xenon is aurately desribed by
the mean rossover funtion for suseptibility using the
single sale fator ϑ (Xe) for the thermal-like eld. Suh
a result gives the rst omplete omparison between ex-
perimental results and rossover theories, de fato with-
out any adjustable parameters in a relative temperature
range overing more than four deades, when the mean
rossover funtions are appropriately modied to aount
for master behaviors of the one-omponent uid sublass.
The paper is organized as follows.
In Setion 2, we reall useful notations and denitions
needed to use the mean rossover funtions for the or-
relation length and the isothermal suseptibility in the
homogeneous phase of a one-omponent uid. In Setion
3, the haraterization of the Ising-like preasymptoti
domain of xenon is analyzed only using the isothermal
ompressibility tting result obtained by Güttinger and
Cannell, from their turbidity measurements performed
outside the Ising-like preasymptoti domain. In Setion
4, after the introdution of the three-parameter hara-
terization when the extension of the rossover domain
remains undened, we demonstrate the great advantage
of the mean rossover funtions to provide unambigu-
ous saling determination of ϑL beyond the Ising-like
preasymptoti domain.
In Appendix A, we give the basi estimation of the
needed amplitudes from appliation of the sale dilata-
tion method to xenon. All the other measurement meth-
ods of the isothermal ompressibility are then onsidered,
with a speial attention to the data obtained from pV T
and interferometry measurements whih infer a pratial
three point alibration for their relative omparison to
the Güttinger and Cannell's data. We nally ompare in
a detailed manner all the results to the ones alulated
with the mean rossover funtion for suseptibility, then
justifying a posteriori the exat values of the three sale
fators g0, ϑ, and ψρ for xenon whih are used in this
paper.
2. MEAN CROSSOVER FUNCTIONS FOR
CORRELATION LENGTH AND
SUSCEPTIBILITY
2.1. Denitions and notations
The dimensionless mean rossover funtions




(t) for the inverse orrelation length,




(t) for the inverse suseptibility,
in the homogeneous phase, read as follows (see I),
[ℓ
th























where t (> 0) is the thermal eld like variable, h (= 0)
is the magneti eld like variable. D (t) is a univer-














All the universal exponents ν, γ, ∆, ∆
MF
, theoretial
amplitudes Z+ξ , Z
+







χ,i, are dened in I. They are also reported
in Table I for use in the following numerial estimations.
More generally, the rossover funtions estimated in
I are only well-dened for the ritial line that links the
Gaussian xed point and the non-trivial xed point. The
eets due to the seond-order (and higher) analytial
ontributions and the ones due to the onuent orre-
tions to saling linked to ritial exponents ∆2, ∆3, ...,
have been disarded. As a diret onsequene, these fun-
tions aount exatly for the Ising-like universal features
only estimated in the t-range very lose to the non-trivial
xed point, whih orresponds the Ising-like preasymp-
toti domain t ≤ LIsing
PAD
dened in I [see also below Eq.
(9)℄.
Within the Ising-like preasymptoti domain, the mean
rossover funtions an be approximated by their re-
strited (two-term) Wegner like expansion (author?)





























χ of the rst-order




































∼= 1.9× 10−6 (9)
4a exponent Z
+
ξ S2 i Xξ,i Yξ,i
ν 0.6303875 2.121008 22.9007 1 40.0606 −0.098968
∆ 0.50189 2 11.9321 −0.15391
∆
MF




b exponent Z+χ S2 i Xχ,i Yχ,i
γ 1.2395935 3.709601 22.9007 1 29.1778 −0.178403
∆ 0.50189 2 11.7625 −0.282241
∆
MF
0.5 3 2.05948 −0.0185424
Z1,+χ = 8.56347
Table I: Values of the universal exponents and onstants of Eqs. (1) to (7), for (a) the dimensionless orrelation length and (b)
the dimensionless suseptibility, in the homogeneous domain (see Ref. (author?) [9℄).
with S2 = 22.9007 (see I and Table I)
Finally, any restrited two-term Wegner-like expan-
sions an be estimated only using the following set of


















where the subsript A labels for the amplitude nature of
these harateristi parameters.
Beyond the Ising-like preasymptoti domain, i.e. t >
LIsing
PAD
, we also reall that the theoretial parameter S2
ats as a onvenient sensor to estimate some orders of
magnitude of t whih are onvenient for the analysis of
the rossover. For example, the theoretial rossover
temperature t∆, whih orresponds to the value D (t∆) =
∆+∆
MF







∼= 1.9× 10−3 (11)
For the onuent orretions, t∆ haraterizes the uni-
versal rossover exhange between predominant Ising-like
nature lose to the non-trivial xed point [t ≪ t∆℄, to
predominant mean eld-like nature lose to the Gaussian
xed point [t≫ t∆℄. Indeed, t∆ gives an estimation of the
order of magnitude of the teP , 12
-value where eah eetive
exponent eP,e,th (t) = −∂Ln[FP (t)]∂Ln(t) (author?) [41℄ rosses








Figure 4 in I). In suh a ritial-to-lassial rossing
range in the homogeneous domain [t > 0℄, ℓ
th
≃ 20−30 is
a typial (dimensionless) order of magnitude for the the-















= 18.8, antiipating the
following disussion of the results reported in Table II
where the values of Eqs. (1) and (2) are alulated for
eight onditions of the eetive exponents. Moreover, in-
troduing the pratial relations LIsing
PAD
= ̟t∆, with ̟ ∼=
10−3 (see I), it is easy to separate the analysis of, either
the Ising-like preasymptoti domain t . ̟ × t∆, or the
intermediate Ising-like rossover domain ̟t∆ < t < t∆.
Espeially onsidering the seleted values of the eetive
exponent γe,th (t) = −∂Ln[Xth(t)]∂Ln(t) given in line 3 of Ta-











(olumn 2) are obtained for t > t∆, while,
obviously, the ondition γe (t∆) (olumn 3) is obtained
at t = t∆, where ℓth reah a value ∼ 30. For ℓth & 30,
or t . t∆ 1
2
, (olumns 4 and right), we expet to observe
the Ising-like universal features of the ritial phenom-
ena whih are then haraterized by the three system-
dependent parameters only asymptotially well-dened
when ℓ
th
& 1916, or t . LIsing
PAD
(i.e. within the Ising-
like preasymptoti domain). We note that the eetive
values γe = γe,pV T = 1.16665 (author?) [13℄), 1.19 (au-
thor?) [24, 42℄, 1.211 (author?) [43℄ obtained from pV T
measurements, are preisely in this intermediate Ising-
like range LIsing
PAD
< t < t∆. So that, we have underlined
these three latter onditions in olumns 5 to 6, respe-
tively, showing that the value of theoretial orrelation
length ℓ
th





A speial attention to the nite Ising-like temperature
range overed by pV T experiments is given in Setion
4.2 and Appendix A3. Correlatively, within the Ising-
like preasymptoti domain t . LIsing
PAD
, the theoretial
values reported in lines 7 and 8 of Table II show that
the ondition ℓ
th




& 70) is satised.






≤ 0.006, is then signiantly lower than
the typial unertainty on the asymptoti experimental
value γ
exp
≃ 1.23± 0.02 (author?) [24℄.
The eight indexations of t (or ℓ
th
) given by these eight
onditions of Table II will be used to label the horizon-
tal (upper) axes of the next gures with orresponding
arrows and olumn numbers.
2.2. Fluid-dependent parameters
The introdution of the uid-dependent parameters
to t the experimental results using the mean rossover
funtions was detailed in  3.1 of II. We reall here the
main steps to introdue denitions and notations of the
needed quantities, xing the value Λ∗qe = 1 to neglet
the quantum eets at the mirosopi length sale (au-
thor?) [16℄ for the xenon ase.
























γe,th 1.1198 1.12776 1.14081 1.16665 1.19 1.211 1.23397 1.23848
νe,th 0.561 0.5652 0.572 0.5862 0.5994 0.612 0.6266 0.62963
∆e,th 0.500768 0.500834 0.500945 0.501176 0.501396 0.501601 0.50183 0.50188
t 4.06× 10−3 3.056 × 10−3 1.907 × 10−3 7.033 × 10−4 2.392 × 10−4 6.22× 10−5 1.907 × 10−6 7.272 × 10−8
ℓ
th
18.76 22.0 28.8 51.32 97.29 220.1 1916 14929.4




0.193 0.145 0.0905 0.0334 & LXe
EAD





0.730 0.857 1.12 1.997 3.786 8.564 74.56 580.94
Γ+e,th 0.099601 0.098193 0.095456 0.088586 0.080842 0.072626 0.061629 0.058771
Table II: (a): Calulated theoretial values of the eetive exponents γe,th (line 3), νe,th (line 4), ∆e,th (line 5), the thermal-like
eld t (line 6), the orrelation length ℓ
th
(line 7), and the eetive amplitude Z+χ,e (line 8) of the suseptibility, using Eqs. (1)
and (2), for the typial onditions given in line 2, respetively; (b): Corresponding physial values of the redued temperature
distane ∆τ∗ = t
ϑ





(line 11), and the eetive amplitude Γ+e,th (line
12) of the dimensionless ompressibility, using Eqs. (15), (21), and (23), for the xenon ase, with ϑ = 0.21069, L{1f} = 25.6988
and ψρ = 3.2507 10
−4
(see text).
by the following linear approximation (author?) [19℄
t = ϑ∆τ∗ (13)
The dimensionless sale fator ϑ is a uid-dependent pa-
rameter. The uid ritial temperature Tc, provides the
energy unit
(βc)
−1 = kBTc (14)
whih links the dimensionless free energies of the Φ4-
model and the seleted uid. Aordingly, the dimension-
less form of the Hamiltonian of the Φ4-model results of
the introdution of a nite (but arbitrary) wave number
Λ0, the so-alled uto parameter (see I), whose inverse
is related to the unknown nite short range of the mi-
rosopi moleular interation. A onvenient method at
d = 3 onsists in replaing (unknown) Λ0 by g0 whih
is the adjustable ritial oupling onstant of the Φ4
term having orret wave number dimension. The in-
verse (g0)
−1
ats as the physial length unit to link the
theoretial dimensionless orrelation length (ℓ
th
) and the
physial orrelation length (ξ
exp
) of eah one-omponent
uid, through the tting equation
ℓ
th
(t) = g0ξexp (∆τ
∗) (15)
The dimensionless ordering eld for uids is dened as
(author?) [42, 43℄
∆µ˜ = µ˜ρ − µ˜ρ,c (16)
where ∆µ˜ is written using pratial dimensionless hem-
ial potential µ˜ =
µρρc
pc
(author?) [43℄. µρ (µρ,c) is the
(ritial) hemial potential per mass unit, ρ (ρc) is the
(ritial) mass density, and p (pc) is the (ritial) pres-
sure. Correspondingly, the pratial dimensionless form









When h→ 0 and ∆µ˜→ 0 at t = 0, h is related to ∆µ˜
as follows
h = ψρ∆µ˜ (18)
where ψρ is the seond (uid-dependent) sale fator.
However, the parameters Tc, g0, ϑ, and ψρ, do not pro-
vide unequivoal link between theoretial and physial
thermodynamis quantities. For example, the denition







i) energy whih diers from (mp¯βc)
−1
by the fator
Zc [mp¯ is the mass of the uid partile (i.e. the moleular
mass)℄. Correlatively, the ritial mass unit of the one-
omponent uid introdues a ritial spei volume
1
ρc






interation ell [see below Eq. (19)℄. The omparison be-
tween the two volumes introdues the extensivity of the
system through the amount
mp¯
Zc
of matter lling the vol-
ume of the ritial interation ell (author?) [12℄. That
provides alternative hoie between two energy units and
two length units originating from thermodynamis. Suh
notieable dierenes in the system-dependent units of
the dimensionless variables impose to have areful atten-
tion when omparing the dimensionless thermodynamis








6and have physial meanning in terms of the range of in-
termoleular interation in uids. Therefore, in our no-
tations, the supersript star labels a dimensionless vari-
able whih uses (βc)
−1
and αc as energy and length units
in one self-onsistent proedure to made dimensionless
all the thermodynami variables normalized per partile
(author?) [12, 13℄, not per mass unit. The subsript ρ
realls for pratial order parameter density dened by
Eq. (17), and the related pratial dimensionless vari-
ables are deorated by a tilde. For example, the experi-












when the uid or-
der parameter (respetively, the uid ordering eld) is






















by χT,ρ = ρ
2κT .






, while κ∗T = pcκT (author?) [43℄. Thus we
obtain χ˜T ≡ κ∗T only at ρ˜ = 1 for ∆τ∗ > 0. Suh
a pratial interrelation between the dimensionless vari-
ables results from the impliit use of these two thermo-








. On the other hand,
from the theoretial sheme applied to the Φ4d=3 (n = 1)-
model, after normalization of the free energies by kBT ∼=
kBTc, the length dimensions of the Hamiltonian quanti-
ties r0 − r0c ∼ (g0)2 t, 〈φ0〉 ∼ (g0)
5
2 m, and h0 ∼ (g0)
1
2 h,







(see I for notations
and denitions). We an then onlude that introduing
the dimensionless sale fators ϑ and ψρ through Eqs.
(13) and (18), provides a subtle ritial ombination (not
disussed here) of the model units and the uid units.
The essential point is to guarantee the uniqueness of the
energy unit and the length unit in the desription of di-
mensionless singular behaviors (author?) [25℄. Our se-
leted length unit αc [see Eq. (19)℄ takes thermodynami
origin, while the wave number unit g0 [see Eq. (15)℄ has








. Then, by exhanging






we also introdue the supplementary sale fator
L{1f} = αcg0 (21)
as a dimensionless produt between the two ritial quan-
tities (i.e., dened for t = 0;h = 0 and ∆τ∗ = 0;∆µ˜ = 0,
respetively).









where m is the theoretial magnetization-like order

















for uids, the seond












∗) ≡ κ∗T,exp (∆τ∗) when ∆ρ˜ = 0.
Finally, eah one-omponent uid is asymptotially
haraterized by the set (author?) [20℄
Qc (∆τ







whih an be rewritten in an equivalent form
Qc (∆τ







then introduing the following uid set SSF made of three
(asymptoti) dimensionless sale fators
SSF (∆τ





The subsript SF realls for the sale fator nature of
the three uid-dependent dimensionless numbers, while
the ondition ∆τ∗ → 0 indiates the asymptoti nature
of the hypotheses needed by the renormalization sheme.
Within the Ising-like preasymptoti domain, κ∗T (∆τ
∗)
and ξ (∆τ∗) an be approximated by
κ∗T,exp (∆τ
∗) = Γ+ (∆τ∗)
−γ
[






































a+χ as independent amplitudes to haraterize eah one-











is then Ising-like equivalent to the set Qc (∆τ
∗ → 0) of
Eq. (25) [here the subsript LXe
PAD
realls for the uid-
dependent temperature domain of validity℄. Its dimen-
sionless part SA (where the subsript A realls for the








whih is ompared with Eq. (26) using the tting equa-
tions (23) and (20) [or (15)℄. The suessive unequivoal
7determinations of the sale fators, rst ϑ, hene L{1f}









































Eah one-omponent uid haraterized by Qc of
Eq. (25), has the Ising-like universal features of the














Equation (35) demonstrates that the knowledge of the
temperature-like sale fator ϑ denes the extension of
the Ising-like preasymptoti domain of eah seleted
uid, then providing an essential tool for analyzing ex-
perimental data. Correlatively, admitting a single ϑ value
whatever the property and the thermal eld range, the








and the ruial problem of how to dene the tempera-
ture range ∆τ∗ ≤ LXe
PAD
is solved. Appropriate rewriting
of Eqs. (32) to (34), provides the following funtional
saling form





where F (SSF ) are universal funtions. We note the the-
oretial (i.e. originating only from the MR sheme) na-
ture of the l.h.s. of Eq. (37).
In next Setion 3, we analyze the status of this ex-
peted three-sale-fator haraterization for the xenon
ase, rst, using the values inferred from the applia-
tion of the sale dilatation method (author?) [13℄, and
seond, omparing the results (author?) [26, 28℄ ob-
tained from the massive renormalization (MR) sheme
(present work), the minimal subtration renormalization
(MSR) sheme (author?) [29℄, and the rossover para-
metri model (CPM) (author?) [40℄, with the experi-
mental results of Güttinger and Cannell.
3. XENON CHARACTERIZATION WITHIN
THE ISING-LIKE PREASYMPTOTIC DOMAIN.
3.1. Hypothesized desription of the Ising-like
preasymptoti domain
We hypothesize that the two terms of the asymptoti
Wegner-like expansion of κ∗T,exp (∆τ
∗) andξexp (∆τ∗) are
exatly known for ritial xenon, provided by the appli-
ation of the sale dilatation method given in Appendix
A. In suh a situation, all the needed information takes
origin on four ritial oordinates [see below Eq. (A2)℄
whih loalize the xenon ritial point on the experimen-
tal phase surfae of equation Φ (p, vp¯, T ) = 0. Aord-
ingly, the (dimensional) values of Eqs. (14) and (19) are
the following
Tc = 289.733K or (βc)
−1
= 4.0002× 10−21 J
αc = 0.881508 nm
(38)





















= 0.83810. Obviously, the valida-
tion of our hypotheses and the justiation of Eq. (39)
require the detailed analysis of the isothermal ompress-
ibility data of xenon given in Appendix A. However, we
note that the essential aspets for the following presen-
tation are the Ising-like nature (sine the uid harater-
ization originates from its ritial point oordinates) and
quantity (three) of the dimensionless amplitudes, while
the quoted preision of their numerial values is of se-
ondary importane. Using Eqs. (32) to (34), the three







g0 = 29.1473 nm
−1
)





The singular behavior of ξ∗ (∆τ∗) and χ∗T (∆τ
∗) of xenon
an then be estimated by using Eqs. (1) to (3), (15), and
(23), with xenon parameters of Eq. (39). Suh an esti-
mation of dimensionless suseptibility (or dimensionless
isothermal ompressibility) will be represented by a full
blak urve (with label MR) in the next gures.
As a most important result already underlined, ϑ
enables estimation of the extension of the Ising-like




and the redued rossover temperature [see Eq. (36)℄:
∆τ∗∆ ≃ 10−1 (42)
8The temperature extension of the Ising-like preasymp-
toti domain of xenon orresponds to the temperature
range T−Tc . 30mK [from Eq. (41)℄, while the Ising-like
predominant nature for rossover estimated by the mean
rossover funtions annot extend beyond ∼ Tc + 30K
[from Eq. (42)℄. More generally, the knowledge of ϑ also
enables useful estimation of any relative temperature dis-
tane and any eetive value attahed to a spei ondi-
tion of the mean rossover funtion on the omplete ∆τ∗
range, as reported for example in lines 7 to 9 of Table II.
Comparable values to the ones given by Eq. (39) an
be found in several published papers but without expliit
referene to the eetive temperature range of the Ising-
like preasymptoti domain.
For example, in upper part (a) of Table III , we
have reported Γ+ (olumn 3) and a+χ (olumn 5) val-
ues obtained by using dierent theoretial rossover





,MR,MSR,CPM,LM} (olumn 1) of
respetive Refs. (author?) [22, 26, 27, 28℄ (olumn 9).
These values result from ts of the isothermal susepti-
bility data of xenon published by Güttinger and Cannell
(GC) (author?) [21℄, with γ (olumn 2) and ∆ (olumn
4) values xed to their theoretial estimation. We note
that the variations of the Γ+ values are on a few per-
ent level when the hange in γ values aets the third
digit, while the variations of the a+χ values over a sig-
niative range suh as 0.9 . a+χ . 1.3, i.e., a
+
χ ≃ 1.1
with ∼ 20% deviation. Then, we have also reported in
Table III, the alulated values of the asymptoti sale
fators ϑ (olumn 6), L{1f} (olumn 7), and ψρ (olumn
8), by using Eqs. (32) to (34), respetively, and an avail-
able estimation of the leading amplitude ξ+0 = αcξ
+
of
the orrelation length (see olumn 7). We an observe
a typial unertainty of 25% in the ϑ and ψρ values. In
addition, the theoretial error-bars and dierenes in the
estimations of exponents γ, ν, ∆, and universal onstants
appearing in Eqs. (32) to (34), an have omparable ef-
fet on the estimation of ϑ, ψρ, and g0 than the exper-
imental unertainties on the estimation of a+χ , Γ
+
, and
ξ+ and the ritial oordinates (suh as Tc, ρc, pc, et.).
Nevertheless, aounting for the above variations of the
ϑ values has no signiant eet on the order of mag-
nitude of LXe
PAD
≃ 10−4 estimated from Eqs. (35) and
(39). We an then note that the apparent amplitude
agreement arises in spite of the non overlap between the
estimated temperature range of the Ising-like preasymp-
toti domain [see Eq. (41)℄ and the temperature range
10−4 . ∆τ∗ . 10−1 [i.e., 30mK . T − Tc . 30K℄, ov-
ered by the Güttinger and Cannell's measurements (see
also Appendix A). Therefore, the asymptoti amplitude
evaluation provided by these tting results annot be eas-
ily transformed in terms of the harateristi sale fators
for two main reasons:
i) measurements of the singular properties are made
in a temperature range whih do not reah the Ising-like
preasymptoti domain;
ii) tting of the data is made with a Wegner-like expan-
Figure 1: Residuals R%(κ∗T )
GC4
(expressed in %) between
the dimensionless suseptibility data given in Table I of Ref.
(author?) [21℄ and the tting expression of Eq. (42); a) pa-
rameters given in line GC4 of Table IV; b) after the Tc shift
of 0.5mK to retrieve the 0.2% numerial level illustrated in
Fig. 3 of Ref. (author?) [21℄; In (a) are also illustrated the
respetives deviations and related error-bars of the three al-
ibrated values of the isothermal ompressibility for the three







(see text and Appendix).
sion, whose validity is questionable outside the Ising-like
preasymptoti domain (see I).
Therefore, to replae with a suitable preision the in-
dependent amplitudes of Eqs. (39) by the independent
sale fators of Eqs. (40), one needs to give the rules to
interpolate from tting results obtained in an experimen-
tal range outside the Ising-like preasymptoti domain, to
the hypothesized ones, only valid inside the Ising-like
preasymptoti domain.
9γ ∆ Γ+ a+χ ϑ L
{1f} ψρ
X Eq. (32) Eq. (33) Eq. (34) Ref
GC
RG4
1.241 0.496 0.0577 1.29 0.0230 24.305 (author?) [21℄
(pink) ξ+0 = 0.184 nm
MR6
max
1.24194 0.491 0.057 1.1844 0.0194 24.305 3.25× 10−4 (author?) [22℄
ξ+0 = 0.184 nm
MR 1.2395935 0.50189 0.057821 1.23397 0.02107 25.6936 3.25× 10−4 this work
ξ+0 = 0.184333 nm
MSR 1.2396 0.504 0.0587 1.11 0.0171 (author?) [28℄
ξ+0 = 0.184 nm
CPM 1.239 0.51 n.a. 1.08 0.0162 30.382 (author?) [26℄
(0.058)∗ ξ+0 = 0.184 nm (alulated)
LM 1.240 0.508 0.0594 n.a. (author?) [27℄
(0.9)∗ n.a.
Table III: Amplitude-exponent results (olums 3 to 6) of the t of the isothermal ompressibility data obtained from the turbidity
measurements of Güttinger and Cannell (author?) [21℄, along the ritial isohore, using dierent theoretial rossover models
(labels X, olumn 1) proposed in referenes given in the last olumn. Corresponding sale fator values (olumns 7 to 9)
alulated from Eqs. (32) to (34) (see text for detail); n.a.: nonavailable. ; asterisk indiates a value used in the present work.







# (t) (16.64°C) Ref
GCf2 pink 1.240 ± 0.002 (0.496) 0.0584 ± 0.0009 1.07± 0.06 (0) (0) ±0.5mK (author?) [21℄
GCf4 pink 1.246 ± 0.002 (0.496) 0.0551 ± 0.0012 1.62± 0.14 −2.7± 0.5 3.6± 0.8 ±0.5mK (author?) [21℄
GC4 pink (1.241) (0.496) 0.0577 ± 0.0001 1.29± 0.03 −1.55± 0.2 1.9± 0.5 ±0.5mK (author?) [21℄
G3 (1.240) (0.5) 0.0574 1.55 −2.0 (0) (author?) [12℄
Table IV: Lines labeled GCf2, GCf4, GC4: Amplitude-exponent values obtained by Güttinger and Cannell from three rep-
resentative tting by Eq. (43) of the isothermal ompressibility data for xenon along the ritial isohore; Fixed values of
the parameters are given between brakets; Line labeled G3: Amplitude-exponent values obtained by a three-point alibration
method proposed in Ref. (author?) [12℄ and disussed in Appendix.
3.2. Present status of rossover modeling in ritial
xenon
3.2.1. Güttinger and Cannell's analysis
Due to the primary importane of Eq. (32) in a
sheme where a single onuent amplitude is readily ex-
peted independent, in the Table IV, we have realled
the main informations given from Güttinger and Can-
nell's experiment, whih is the ommon support to om-
pare theoretial ttings. Güttinger and Cannell observed
that their suseptibility data systematially and ontin-
uously deviate from simple power-law behavior through-
out the temperature range 9.6 × 10−5 . ∆τ∗ . 10−1
with the eetive exponent inreasing from γe = 1.14
to γ = 1.246 ± 0.01. Thus the data appeared asymp-
totially onsistent with the theoretial estimations pro-
vided at the end of the seventies, either using series
alulation γ = 1.250 ± 0.03 for the Ising-model (au-
thor?) [57, 58℄, or the renormalization-group result γ =
1.241± 0.002 for the Landau-Ginzburg-Wilson Hamilto-
nian (author?) [59, 60℄. To support this onlusion,
their suseptibility data were tted to the following (four
term) Wegner-like expansion
κ∗T,exp (∆τ
∗) = Γ+ (∆τ∗)
−γ
[












with ∆ xed at ∆ = 0.496 (author?) [60℄ whih was
the theoretial value alulated at that time by the
renormalization-group approah. In initial ttings, the




3χ, and Tc were indepen-
dently adjusted, by variation of the data range in temper-
ature. It was then shown that when the data range was
narrowed to 9.6× 10−5 . ∆τ∗ . 8.8× 10−3 and the pa-
rameter a+2χ and a
+





the t resulted in γ = 1.240 ± 0.002 when γ was freely
adjusted, and the results for Γ+, a+1χ and Tc are in good
agreement with all the other ts. This t result is la-
beled GCf2 and given in the orresponding line GCf2 of
Table IV where the error bars quoted are one standard
deviation allowing for the orrelation between parame-
ters, not the experimental unertainty whih inreases
for the data nearest Tc, as disussed below. In tting
over the entire range, all the terms were required and the
t results (labeled GCf4) are given in line GCf4 of Ta-
10
ble IV. The Güttinger and Cannell's analysis to examine
the onsisteny with the preditions by renormalization-
group alulations was then made with γ xed at 1.241.
The parameters for the t result (labeled GC4) for the
entire range in ∆τ∗ are reported in line GC4 of Table IV.
As noted by the authors, in all the tting ases, the
value of Tc found by the tting proedure agreed to
within 0.5mK with the value observed by noting the
temperature at whih the menisus formed upon ool-
ing in small steps. It should be also noted that a shift
of 0.5mK in Tc amounts to a 2.5% hange in tted
value at ∆τ∗ = 9.6 × 10−5, whih was a substantial ef-
fet in omparison to 0.2% deviations reported for all
the ts (see Figure 3 in Ref. (author?) [21℄). More
generally, in the temperature range ∆τ∗ . 9.1 × 10−4,
the authors have aounted for the large unertainty in
the orretions due to all the possible eets whih are
not at the level of about 0.2%, by using a shift in Tc
in the tting program as a mean of ompensating the
systemati errors whih inrease for the points nearest
Tc. However, for the present disusion, it is essential to
aount for the real level of the t deviation attahed
to the systemati experimental unertainties. There-
fore, we have illustrated in Figure 1, the importane of









betwenn the raw data
of the dimensionless suseptibility given in Table 1 of
Ref. (author?) [21℄ and the alulated ones from Eq.
(43) with the parameters given in line GC4. The part a
of Fig. 1, illustrates the 2%− 3% level of the true exper-
imental error at ∆τ∗ = 9.6 × 10−5, while the part b of
Fig. 1 illustrates similar residuals, but after the Tc shift
of 0.5mK, then reproduing Figure 3 of Ref. (author?)
[21℄ to show the 0.2% numerial level of the t deviation.
In summary, omparing the three t results of Table
IV, Güttinger and Cannell have shown that the xenon
suseptibility was orretly represented by a Wegner-like
expansion whose the two rst terms may be interpreted
as proposed by the renormalization-group theory with
γ = 1.241 and ∆ = 0.496 (author?) [60℄. Despite a
signiative inrease of experimental unertainty as ∆τ∗
dereases, the unertainty on the mean determination
of the free leading amplitude Γ+ value an be estimated of
the order of 2%− 3%, while the rst onuent amplitude
a+χ value was found in the range 0.6 . a
+
χ . 1.45 and
seriously aeted by the presene of the other two on-
uent parameters and the tted temperature range. The
omparison between Γ+ and a+χ values given in Tables III
and IV, espeially the low dispersion of the Γ+-values in
a range 0.0570 . Γ+ . 0.0594, onrms an apparent re-
dution of the a+χ -range, inreasing the number of terms
of the Wegner like expansion.
Figure 2: (Color on line) Residuals R%(κ∗T )
GCf2
(expressed
in %), as a funtion of ∆τ∗, for the extrapolated desrip-
tion of the isothermal ompressibility of xenon within the
Ising-like preasymptoti domain ∆τ∗ . LXe
PAD
. Eah urve
label X refers to the line X in Table III; subsript indiates
the number of terms of Wegner-like expansion (see also the
text); Arrows indiate the dierent extensions of the Ising like
preasymptoti domain (see text); horizontal (pink) segment:
Güttinger and Cannell experimental range (author?) [21℄;
open irle: temperature distane ∆τ∗
or
(see Fig. 1) of the
data alibration value; vertial (pink) segment: error bar of
a alibrated valueof the isothermal ompressibility of xenon
from Hoken and Moldover measurements (author?) [55, 56℄
(see text, Appendix A and Ref. (author?) [12℄); upper hor-
izontal axis: theoretial dimensionless orrelation length al-
ulated from the mean rossover funtion of Eq. (1); line
indexation with labels 1 to 8: γe- or ℓ
th
-onditions reported
in Table II (see text)
3.2.2. Crossover analyses
Sine all the amplitude values given in Table III origi-
nate from the same experimental data, we onsider that
the extrapolation at ∆τ∗ → 0 of the two-term expan-
sion κ∗T,GCf2 obtained with the free parameters given in
line GCf2 of Table III, an at as an ideal experimen-
tal result obtained within the Ising-like asymptoti do-
main. Making then referene to this extrapolated exper-
imental behavior, the relative omparison with the pre-
dited one using either a pure power law, or a two-term
Wegner-like expansion, or a more extended Wegner-like
expansion, or nally a omplete rossover funtion, as-
soiated to X = {MR6
max
,MR,MSR,CPM,LM} mod-
els (see Table III), provides the required information
to evaluate the Ising-like haraterization in the ranges
∆τ∗ < LXe
PAD
≃ 10−4 and ∆τ∗ & LXe
PAD
≃ 10−4, sep-
arately. We use the subsript 1, 2, et., to refer for
11
one-, two-, et., terms in the Wegner like expansion,
while the absene of this subsript indiates a omplete
rossover funtion (exept for the MR6
max
ase where
the rossover funtion does not aount for the lassi-
al behavior lose to the Gaussian xed point). So that,
antiipating the disussion given in Appendix, we have
systematially enlighted (using a grey-blue area in the
next gures), the temperature range in between the two








the pV T measurements an provide two standard val-
ues of the isothermal ompressibility (see  A.3.b). These
two temperatures are in the experimental range overed
by the optial measurements of Güttinger and Cannell
for ∆τ∗ & LXe
PAD
≃ 10−4.
Similarly, for ∆τ∗ < LXe
PAD
≃ 10−4, we have also in-
diated in the following gures, the temperature T =
Tc + 1mK (i.e., ∆τ
∗
C1
= 3.45137× 10−6) losest to Tc,
where a arefull analysis of the unertainty on the theo-
retial estimations of the Ising-like exponent γ provides
a alibrated value of the isothermal ompressibility (see
below and  A.3.a). This value is ompatible with the in-
terferometry measurements of Hoken and Moldover ov-
ering the temperature range −5mK < T − Tc < 15mK
(i.e., −1.5 × 10−5 < ∆τ∗ < 5 × 10−5) (author?) [55℄.
As already shown, suh a three point alibration an
be used to dene a pratial three-term Wegner expan-
sion with arbitrarily xed values γ = γI = 1.240 and
∆ = ∆I = 0.5 for the exponents, whih aounts for the
isothermal ompressibility of xenon in the experimental
temperature range∆τ∗ < ∆τ∗
C3
, with ±1.5% unertainty
on the online values produed by the distint measure-
ment methods around these three temperature of ali-
bration. The orresponding amplitude parameters of Eq.
(43) are given in line G3 of Table IV, and eah assoiated
tting urve will be labeled G3 in the next gures.
In Figure 2, we have reported the residuals (expressed









, as a fun-
tion of ∆τ∗. Note that the indexation of the (lower
and upper) horizontal axes of this gure are onform
with the disussion of Table II, while the experimental
range of the GC measurements is given by the segment
labeled GC where the open point indiates the temper-
ature distane (noted ∆τ∗
or
in the following) where ligth
sattering data are alibrated by the authors. The spe-
i analysis of the residuals obtained for the two-term
expansion tting (see all the urves labeled X2 in Fig.
2) demonstrates that the deviations in the temperature
range LXe
PAD
< ∆τ∗ . 10−3−10−2, indue a ± (1%− 2%)
unertainty level in the estimation of the Γ+ value, whih
means that the value of the onuent amplitude a+χ is
undetermined due to the orrelation between free lead-
ing amplitude and xed theoretial value of γ.
More generally, Figure 2 is a well-dened tool to show
the relative importane of eah term of the Wegner like
expansion as a funtion of eah deade variation of the
theoretial orrelation length (see upper axis). For ex-
ample, the suessive deviations at a 1% − 2% level of
the urves X1, X2, ...., X, indiates that:




ii) the range ℓ
th
& 1000− 2000 needs to add the rst
onuent term and eetively orresponds to the Ising-
like preasymptoti domain,
iii) a three-term-expansion seems suient to over the
range ℓ
th
& 100− 200, and, nally,
iv) the range ℓ
th
& 10 − 20 needs to use at least four
or more terms in the Wegner-like expansion.
To readily evaluate the relative importane of the ef-
fets due to the γ ⇔ Γ+ orrelation, we note that the
magnitude of the dierene in γ values here onsidered
aets only the third digit of the theoretial estimations
and annot be related to the realisti error-bar (one or-
der of magnitude greater) provided by the experimental
determination of this asymptoti exponent (see also be-
low the related insert of Fig. 3). Therefore, in spite of
the fat that measurements were performed beyond the
Ising-like preasymptoti domain, the losest extrapolated
Güttinger and Cannell's tting to Tc remains highly or-
related to the theoretial value of γ, espeially when Tc is
xed. This exponent-amplitude orrelation was reently
used by Luijten and Meyer (author?) [27℄ to re-evaluate
the estimation of the leading amplitude for better agree-
ment with the data for ∆τ∗ < 0.2 (see urve LM1 in Fig.
2). However, suh amplitude adjustment aounting for
the data in a narrowed temperature range appears equiv-
alent to the reverse eet of the theoretial min and max
error-bar propagation outside the Ising-like preasymp-
toti domain learly shown in referene I (or in the Fig.
7b of Appendix). Suh an amplitude re-evaluation is
then without gain on the Ising-like asymptoti quality
of the rossover analysis. For example, only by addition
of the rst term for onuent orretions to saling with
a+χ = 0.86 (see Table III, line LM), we an t the exper-
imental results (with deviations at a 0.5% level) on the
omplete experimental range (see urve LM2 in Fig. 2).
The omparison of the urves LM2, GCf4, and GC4 in
Fig. 2 then shows that this LM tting result whih uses
the parameters given in line LM of Table IV, agrees with
the initial four-term tting results given in lines GCf4,
and GC4 of Table IV. The respetive ranges of the ampli-





illustrate the real diulty to aount for a single spei
value of γ in the range γ = 1.24+0.006−0.001. More generally, as
illustrated previously in Fig. 1, an experimental man-
ner to aount for eah xed value of γ is to use Tc as a
free parameter in tting the GC's data. But, as observed
by Güttinger and Cannell from their dierent tting re-
sults, the true unertainty on the free parameter Γ+ is
then at a few perent level. Finally, we an onlude that,
due to the 2% unertainty of the GC's measurements at
the border of the Ising-like preasymptoti domain, the
1%−2% magnitude of the residuals for extrapolated the-




)→ 0, is entirely related
to the dierenes γX − 1.240 between respetive leading
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exponents, while the apparent redution of the uner-
tainty in the a+χ -value results from the mandatory pres-
ene of (at least two) supplementary terms to orretly
aount (∼ 1%-level) for the experimental results in the
temperature range ∆τ∗ & 103 > LXe
PAD
≃ 10−4.
3.2.3. Analysis with γ xed
For a xed theoretial value of γ with Tc xed, the
leading amplitude Γ+ an be obtained only using addi-
tional measurements performed well inside the Ising-like
preasymptoti domain as dened by Eq. (9). The appli-
ability of Eq. (34) [equivalently, Eq. (33) for the or-
relation length data℄ is then stritly limited within the
Ising-like preasymptoti domain, thus requiring a pre-
ision < 0.1%. In the absene of suh an ideal ex-
perimental result, one alternative way to eliminate the
amplitude-exponent orrelation on the leading power
law term, is to introdue a smallest temperature distane
to the ritial temperature where a single experimental
data for the isothermal ompressibility ats as a standard
value (author?) [12℄. We note ∆τ∗
C1
as this temperature




(see olumn 9, Table
II). For example, this method of alibration is detailed
for xenon ase in Appendix A, using the interferometri
measurements of Hoken and Moldover (HM) (author?)
[55℄ in the range 2−3×10−6 . ∆τ∗ . 3−5×10−5. In Fig.
2, this experimental range is illustrated by the segment
labeled HM. The seleted smallest temperature distane
is T − Tc = 1mK, or ∆τ∗
C1
(Xe) = 3.45× 10−6, whih ef-
fetively appears within the Ising-like preasymptoti do-
main, as evidened by the orresponding vertial dashed
line in Figure 2. Unfortunatly, the required preision is
not reahed and here we only disuss the relative om-
parison between both (HM and GC) data measurements
beause there is no region of overlap between them and
the two experiments rely on ompletely dierent eets.
The interferometry measurements were performed in the
very limited region of density and temperature quite lose
to the ritial point suh that the suseptibility data was
represented by a pure power law with a highly orrelated
amplitude-exponent set. For example, the urve HM1 in
Figure 2 illustrates the deviation obtained using the re-
sult γ = 1.23 and Γ+ = 0.062 initialy found by Hoken
and Moldover. The Hoken and Moldover measurements,
reanalyzed by Sengers and Moldover (SM) with γ = 1.24,
yield Γ+ = 0.058, leading to the urve SM1 in Figure
2. At ∆τ∗
C1
(Xe) = 3.45 × 10−6 the deviation of ∼ 6%
between HM1 and SM1 an be onsidered as representa-
tive of the experimental unertainty. These results seems
to systematially deviate from tting the raw data (full
pink points) of Güttinger and Cannell's measurements.
Moreover, aounting for the tting results illustrated by
the urves LM2 and/or GCf4, suh a deviation appears
to inrease as the γ value inreases (or as the Γ+ value
inreases, equivalently).
However, the Güttinger and Cannell's data are rela-




1.9641 × 10−5 Pa−1 at ∆τ∗
or
= 2.304 × 10−3 (i.e., T
or
=
Tc + 0.6677K) (author?) [21℄, and the typial experi-
mental unertainty on the above referene value also is
at a perent level. As a typial example, the dierene
on the GC value ρc (GC) = 1110 kgm
−3
and our present
value ρc = 1113. kgm
−3
(see Eq. (A2) in Appendix) of
the xenon ritial density, ontributes for a 0.6% dier-
ene on the alibration. It is then interesting to evalu-
ate the umulative eet of a 0.5mK shift of Tc and a
1% hange (unertainty given by Güttinger and Cannell)
of the referene value. The result is represented by the
open pink points in Fig. 2. The t deviation of these
orreted points using our theoretial funtion is lower
than 0.5%, as illustrated by the urve labeled MR in Fig.
2.
Subsidiarily, Fig. 2 also shows that the available t-
ting results of the Güttinger and Cannell's data do not
lead to the same standard value used to alibrate the
mean rossover funtion. However, the attahed relative
dierene appears ompatible with an estimated error-
bar of ±3% for this standard value, whih is omparable
to the tting unertainty attahed to the leading ampli-
tude due to the theoretial unertainty on the γ estima-
tion. For example, onsidering the nine published pairs
γ − Γ+ (see Tables III, IV and the interferometry result
of Refs (author?) [56℄) where 1.239 ≤ γ ≤ 1.24194 and
0.056 ≤ Γ+ ≤ 0.0594, the alulated mean value of the di-
mensionless isothermal ompressibility at T = Tc+1mK
is κ∗T,mean = 3.4330×105, with 3.3194×105 ≤ κ∗T,mean ≤
3.5210× 105. Antiipating then the introdution of the
alibrated value κ∗T,C1 = 3.415 × 105 disussed in Ap-
pendix A, we note that the above mean value is 0.53%
greater than the alibrated one, while the max and min
values are 3.10% greater and 2.80% lower, respetively.
As an undeniable onsequene of the dierenes γX −
1.240, (or the dierene in leading amplitude, or the ab-
sene of one preise data inside the Ising-like preasymp-
toti domain, equivalently), the ontribution of the
highly orrelated leading and rst-onuent terms propa-
gates in any t proedure whih uses a omplete Wegner-
like expansion outside the Ising-like preasymptoti do-
main, until a temperature distane of the order of ∆τ∗ ≃
10−3. We an then reasonably estimate (and preisely
demonstrate below, in  4.2 and Fig. 4) that the tting
optimization ours at nite temperature distane to the
ritial point (at least of the order of∆τ∗ ≃ 10−2), signif-
iantly outside the Ising-like preasymptoti domain (and
suh as ∆τ∗ > ∆τ∗
or
). In suh a situation already known
as due to the low onvergene of the Wegner-like expan-
sion, it is not easy to dene with the needed preision a
single rossover parameter whih must aount simulta-
neously for two opposite roles:
1) it ontrols the asymptoti universal features of the
Ising-like singular behavior whih has the restrited form
of Eq. (5), but without onstraint due to the lak of
experimental data in the orresponding validity range;
2) it detets the nite distane where lassial-to-
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ritial behavior and/or non-ritial behavior an our,
but may onjointly invalidate the use of the Wegner-like
expansion with unique lowest onuent exponent.
Therefore, in the absene of the ideal experiment
within the Ising-like preasymptoti domain, the universal
form of Eq. (32) an never be diretly tested. This has
three orrelative onsequenes:
i) the numerial value of ϑ is undoubtedly related to
the eets of many orretion terms to saling (for a more
detailed illustration, see the disussion in terms of the ef-
fetive exponent and Fig. 4 of Ref. (author?) [5℄). To
aount for this essential result in the following, we note
ϑL as the rossover parameter whih is determined be-
yond the Ising-like preasymptoti domain, to distinguish
it from ϑ of Eq. (13) whih is the sale fator needed to
haraterize the asymptoti ritial rossover within the
Ising-like preasymptoti domain;
ii) the use of Eqs. (32) to (34) needs to have sup-
plementary information suh as, for example, the unam-
biguous demonstration of the Ising-like uniqueness of the
ϑL-value (i.e. a onstant ϑL-value independent of the
tting domain and the tted property);
iii) alternative equations valid beyond the Ising-like
preasymptoti domain whih provide the equivalent sal-
ing information ontained in Eqs. (32) to (34) are suit-
able to probe the identity ϑ ≡ ϑL and the appliation of
the linear Eq. (13) for ∆τ∗ → 0.
We reall that the rst attempt (author?) [22℄ to un-
derstand the lassial-to-ritial rossover in xenon using
the MR6
max
sheme, was made from suh a global anal-
ysis of three singular properties (orrelation length, sus-
eptibility and heat apaity) of xenon in a rather large -
nite temperature range (T−Tc . 30K, i.e. ∆τ∗ . 10−1).
A rather well-dened value of ϑL = 0.0191± 0.0095 was
then obtained, whih was subsequently analyzed in terms
of the inuene of the orretions to saling in real sys-
tems, even outside the Ising-like preasymptoti domain.
The small dierene with the present hypothesized value
ϑ = 0.021069 [see Eq. (40)℄, only reets the error-bar
propagation of theoretial exponent and amplitude esti-
mations in the respetive tting of the MR6
max
or MR
disretized values, and not the true experimental uner-
tainty (see a detailed disussion of the experimental un-
ertainty in Appendix A). In other words, the hypothe-
sized asymptoti value of ϑ appears independent of the
Ising-like Eq. (32). Similarly, in the other rossover mod-
eling, the uniqueness of the rossover temperature sale
appears independent of the theoretial approah in the
sense where it is de fato obtained at a single nite
temperature distane, noted 〈∆τ∗〉ϑL . Here single means
that, in a log-log sale, the value of the free parameter ϑL
is optimized on a ne temperature domain (overing typ-
ially less than one deade) entered on a large temper-




≫ 1. For ex-
ample onsidering the Güttinger and Cannell's measure-
ments in the next Setion, we show learly that 〈∆τ∗〉ϑL
orresponds approximately to the largest experimental
value 〈∆τ∗〉ϑL ≃ 0.05− 0.1 . ∆τ∗∆ of the tted temper-




is greater than 104. This value is denitively outside the
Ising-like preasymptoti domain and similar to the value
of rossover temperature sale ∆τ∗X,M ≃ 0.23 obtained
from tting using CPM and MSR rossover desriptions.
The above analysis limited to the results of Figure
2 extrapolated within the Ising-like preasymptoti do-
main, justify our speial attention in the next setion to
methods whih aount for the alibrated ontribution of
the theoretial leading power law, in order to hek in a
self-onsistent manner the ϑL-determination beyond the
Ising-like preasymptoti domain.
4. XENON CHARACTERIZATION BEYOND
THE ISING-LIKE PREASYMPTOTIC DOMAIN
4.1. Ising-like nature of the dimensionless sale
fators
The nite and restrited ∆τ∗ range where the mean
rossover funtions orretly represent κ∗T,exp and ξexp
data, determines the eetive extension LXe
EAD
of the
Ising-like extended asymptoti domain (EAD). Sine the
theoretial expressions of Eqs. (1) and (2), are in
the form of a omplete rossover, LXe
EAD
may involve
orretion-to-saling terms higher than the rst one. In





ours. This is preisely the ase for the isothermal
ompressibility data of xenon obtained by Güttinger and
Cannell. As a onsequene, the value of ϑL introdued
by the analyti relation t = ϑL∆τ
∗
, is related to an un-
dened domain of extension LXe
EAD
. Here, undened
means beyond the Ising-like preasymptoti domain, so
that we are not able to appreiate the eetive inuene
of all the numerous orretions negleted in the massive
renormalization sheme of the Φ4 model (see I). We must
solve new orrelative diulties onerning the eetive
number (whih an thus be greater than 3) and the na-
ture (whih an originate from the negleted analytial
and onuent eets in the ritial massive renormaliza-
tion sheme) of the uid-dependent parameters.
Indeed, to omplete Tc and αc knowledge in the ab-
sene of information onerning the true range of the
Ising-like preasymptoti domain for an atual uid, it
is proposed (author?) [7, 17℄ to replae ϑ, ψ, and g0
by three new adjustable parameters X∗0,L, L
∗
0,L, and ϑL,






























































must substitute the set SSF of Eq. (26). The subsript
1CP,L realls for a single rossover parameter to hara-
terize the rossover behavior observed in the nite tem-
perature range LXe
PAD
< ∆τ∗ . LXe
EAD
.
In omparison to Eqs. (23) and (20), the notieable
modiation of Eqs. (44) and (45) is the leading term
in whih ϑL is no longer involved in the asymptoti sal-
ing part of the ritial behavior expressed in terms of
the physial eld ∆τ∗. As introdued, X∗0,L and L
∗
0,L are
prefators for eah orresponding property, here seleted
as independent and harateristi of the uid by virtue of
the two-sale-fator universality (provided that the same
length unit was used to dene the dimensionless quanti-
ties (author?) [25℄). Correlatively, ϑL is a pure rossover
parameter, with same value above and below Tc, whih
exlusively ontrols the magnitude of many orretion
terms to saling. In addition, ϑL an also integrate some
eets of the negleted terms linked to the supplemen-
tary onuent exponents, suh as ∆2 or ∆3, aounting
for pratial numerial approximations suh as ∆2 ≈ 2∆
or ∆3 ≈ 3∆, or the eets of using T to replae Tc in the
energy unit and in the dimensionless form of the tem-
perature distane to the ritial temperature. For a uid
f , the determination of ϑL is then equivalent to the de-
termination of Lf
EAD
. In this general ase, the physial















i.e., without referene to ϑL. However, the subsript L
realls for the determination of ϑL, then orrelatively,
L∗0,L and X
∗
0,L, made beyond the Ising-like preasymptoti
domain. The single (system-dependent) rst onuent
amplitude an be alulated from ϑL uniquely, using one
independent equation among the two following equations:
a+χ,L = − (ϑL)∆ Z1,+χ (51)
a+ξ,L = − (ϑL)∆ Z1,+ξ (52)
As suggested in Ref. (author?) [7℄, from similar t-
ting of the orrelation length and the suseptibility in the
inhomogeneous domain, the spei heat in the homoge-
neous and non homogeneous domains, and the oexisting
density measurements in the inhomogeneous domain, one
must verify the uniqueness of the ϑL value (along the rit-
ial isohore). Considering several properties allows then
onsistent tests for the determination of the set S1CP,L,
in oherene with the basi hypotheses of the renormal-
ization group approah at the origin of the theoretial
rossover funtions.
To avoid this large task, in a rst approah, we on-
sider xenon for whih we hypothetize the existene of a









temperature range with Eqs. (15) and (23), produes the
set S1CP,L, i.e., the determination of ϑL. Extrapolating
the results for ∆τ∗ → 0, we an identify the value of the
asymptoti sale fator ϑ to
ϑ ≡ ϑL for ∆τ∗ ≤ LXe
PAD
(53)
After that identiation, we an introdue the dimen-
sional prefator L0,L = αcL
∗
0,L leading to dene the
asymptoti wave number g0 of Eq. (33) by the follow-
ing parameter:







The two remaining asymptoti sale fators L{1f} [see
Eq. (21)℄, and ψρ [see Eq. (18)℄, are then obtained by
the hierarhial equations:




















with 0 < ∆τ∗ < LXe
EAD
(57)
has the appropriate asymptoti form to ompare with
SSF [Eq. (26)℄, exept the notieable subsript L whih
realls the non-asymptoti Ising-like nature of these
numbers whih originates de fato from the determina-




0,L made beyond the Ising-like
preasymptoti domain.
However, when this hypothetial xenon is harater-
ized by Eq. (47) [or Eq. (57)℄, thus Eq. (55) is true and
the following variable transformations





∆τ∗ → t = ϑL∆τ∗ (59)
result in the asymptoti ollapse (over the extension
L{1f}
PAD
(author?) [10, 11℄) of any physial urves of equa-
tion ξ (∆τ∗) into the universal urve of equation
ℓ
th
(t) = L{1f}ξ∗ (∆τ∗) = g0,Lξexp (∆τ
∗) (60)
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We have used this universal feature due to the sale
fator nature of ϑL to obtain the xenon values of lines 8
and 9 of Table II from theoretial values of lines 5 and 6,
respetively. In suh a numerial approah, the hypoth-
esized xenon values of the harateristi set S1CP,L are












0,L = 0.390972 nm (62)
and, obviously
L{1f} ≡ αcg0,L = 25.6936 (63)
More generally, our hypothesized values of Eq. (61) pro-
vide the (expeted) identity SSF,L ≡ SSF . Aordingly,
the universal saling form of the orrelation length of












t = 0.021069∆τ∗ (65)
Either the theoretial value 0.0343085 nm (= [g0,L]
−1
)
of the length unit in Eq. (64), or the measured value
0.184333 nm (= ξ+0,L) of the orrelation length amplitude
in Eq. (28), annot easily be related to a real mirosopi
length of xenon atom, while the fat that the tting
value 0.390972 nm (= L0,L) of the dimensional prefa-
tor is omparable to the size of the xenon atom an be
onsidered as a fortuitous result (author?) [61℄.
As expeted, more fundamental is the dimensionless
nature of Eq. (63) whih an then provide the needed
uniqueness of the length unit for better understanding
of universality. Indeed, the above asymptoti ollapse of
the orrelation length implies equivalent asymptoti ol-
lapse of any other singular thermodynami property, by
virtue of hypersaling. That means that, when the sale
fators L{1f} and ϑL are determined in the Ising-like ex-
tended asymptoti domain LXe
PAD
< ∆τ∗ . LXe
EAD
, the
validity range where the universal ollapse onto the the-
oretial thermodynami behavior is expeted, an be al-
ternatively disussed in term of the value ℓ
th
(t) > L{1f}.
In other words, all the rossover funtions are Ising-like
universal:
i) only over the temperature range where the rossover
parameter is unique;
ii) only for a single dimensionless ritial length L{1f}
ommon for all the uids whih obey to this single pa-
rameter rossover desription.
For example, looking bak on our previous analysis
of the residuals for the xenon isothermal ompressibility
ase, by reversing Eq. (64), we an transform∆τ∗ in uni-
versal values of ℓ
th
, as illustrated in the upper axis of Fig-
ure 2. Simultaneously, as previously mentioned, we are
also able to illustrate in this gure (or in any gure whih
use a xenon ∆τ∗-oordinate) all the onditions estimated
in Table II. In the part of the Güttinger and Cannell's
experimental range whih orresponds to the theoreti-
al ondition ℓ
th
& (2.5− 3)L{1f} ≃ 70, the universal
behavior of the funtional form χ∗ (ℓ
th
) an then be an-
alytially tested in this Ising-like extended asymptoti
domain. Simultaneously, we will also onrm below the
uniqueness of the rossover parameter by using an alter-
native faet of the universality aounted for by the mean
rossover funtions. As a matter of fat, to illustrate the
asymptoti Ising-like transformation of eah thermody-
nami property P ∗ (∆τ∗) attahed to the uniqueness of
the rossover parameter, we an also use the eetive
universal behavior of the loal exponent eP,th (t) to re-
plae the one of the orrelation length ℓ
th
(t), in order to
onstrut the universal saling form FP (eP,th). There-
fore, in a seond approah with the objetive to illustrate
this transformation in a self-onsistent manner for the
suseptibility ase, we onsider the universal and exper-
imental eetive amplitudes attahed to the loal power
laws with eetive exponents, suh as introdued in Ref.
(author?) [41℄.




(t) of Eq. (2), the related loal values of
the eetive exponent γe,th (t) and eetive amplitude
Z+χ,e (t) are given by the equations









Eliminating t [then simultaneously eliminating the sale
fator ϑL, sine t = ϑL∆τ
∗
℄, the theoretial lassial-to-
ritial rossover is haraterized by a universal urve
Z+χ,e (γe,th) over the omplete range γMF ≤ γe,th (t) ≤ γ
(see urve labeled Φ3 (1)-MR in Fig. 3).
Our present interest is restrited to the Ising-like range
γe,th (t) ≥ γ 1
2
= γ+γMF2 (see the orresponding Ising-like
range dened in the upper part of Fig. 3). The theoret-





(upper ross in Fig. 3). The small exten-





≈ 0.006 of the Ising-like
preasymptoti domain is magnied by the urve labeled
Φ3 (1)-MR in the insert of Fig. 3. On the other hand,
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(see arrays), at γe = onstant value, from the theoretial
universal behavior of the suseptibility (upper urve), to the xenon eetive behavior of the isothermal ompressibility (lower
urve) (in dimensionless variables); X∗0,L: adjustable parameter for the general ase of Eq. (44), unequivoally dened from
omparison in positions of the two Ising limiting points (right rosses); ϑL adjustable parameter unequivoally dened by the
two other points, either within the Ising-like preasymptoti domain (see the insert and the text), or outside the Ising-like
preasymptoti domain (full blak irles T and P on the two urves labeled Φ3 (1) −MR and Xe −MR, respetively). Note
the inversion of the relative position between the urve labeled Φ3 (1) −MR and the urve labeled aT whih is related to the
asymptoti (logarithmi) approximation of Eq. (68), beyond the Ising-like preasymptoti domain.
the urve a
T

































The vertial double arrow with label(1)indiates the







the signiant dierene between the urve a
T
and the
urve (S) whih results from analyti error-bar orre-
















bounded oordinates of points A and B (see inserted ta-
ble in Fig. 3 and Ref. (author?) [7℄ for data soures).
Sine only two parameters (X∗0,L and ϑL) are free in
tting Eq. (44), Fig. 3 illustrates how the adjustable
prefator X∗0,L ats at the exat value of the Ising ex-
ponent, sine eah Ising point of the uid takes the o-
ordinates
{




, as represented by the




) ≡ X∗0,L is shematized by
the double array between two rosses in Fig. 3. There-
fore, alibrating the Γ+ value as suggested in previous
paragraph, xes this prefator value whih governs the
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universal ollapse of the Ising-like limiting point through
Eq. (50). X∗0,L ats in a equivalent manner to L
{1f}
[see Eq. (64)℄ for the orrelation length ase. In prin-
iple, the ritial divergene in the initial slope at the
limiting points provides the seond Ising-like onstraint
whih is needed to determine the asymptoti sale fator
ϑ. However, our previous desription of the Ising-like
preasymptoti domain and its above geometrial illus-
tration underline the hallenging (theoretial and exper-
imental) diulties to provide the exat haraterization
of the asymptoti saling when a property reahes the
Ising-like limiting point along a urve of universal, but
innite, slope for all the physial systems.
At ontrario, the desription of the γe-variation in the
range γ − γe & 0.015 (i.e., in a temperature range sig-
niantly beyond the Ising-like preasymptoti domain),
appears now simplied, using preisely the Güttinger and
Cannell's results of Eq. (43) to dene the following ef-

















The resulting single urve Γ+e (γe,exp) is illustrated in
the lower part of Fig. 3 (see urve Xe−GC4), while the




able to insure the universal ollapse between the theoret-
ial urves (labeled Xe−MR and Φ3 (1)-MR), is shema-
tized by a double array between two points on eah urve
of well-dened nite slope. This transformation must
ontain the needed both onstraints for the (point) po-
sition and the related (tangent) diretion. Therefore,
the saling nature of the ollapse beyond the Ising-like
preasymptoti domain is signiantly dierent in tting
proedure whih either eliminates, or aounts for, the
ontribution of the leading term. In the latter situation,
we an then replae the prefator X∗0,L by the alibrated
leading amplitude Γ+, as seen above.
In the rst ase, at large temperature distane, the t
proedure based on Eq. (44) is mainly equivalent to a
dominant onstraint in diretion given by the following
relation between the two eetive exponents:
γe,exp (∆τ
∗) ≡ γe,th [ϑL (∆τ∗)] (71)
We numerially solve Eq. (71), using the Güttinger and
Cannell's tting results given by Eq. (43), then providing
the γe [(∆τ
∗)] and ϑL (∆τ
∗) values as a funtion of ∆τ∗.
Both results are reported as the urve labeled GC4 in
Fig. 4a [γe as a funtion of ∆τ
∗
℄, and the urve labeled
1 in Fig. 4b [ϑL as a funtion of ∆τ
∗
℄, respetively.
In the seond ase, to aount for the ontribution of
the leading term needs to use the following saling rela-











expliit in Eq. (72). Its takes a onvenient eetive power
law of the rossover parameter ϑL, while the prefator
X∗0,L has (as expeted above) the same value whatever the
γe (= γe,exp = γe,th) value is. The onstrained position
and diretion are aounted for orretly. Therefore,









By appropriate ombination between the Güttinger and
Cannell's tting results and the mean rossover funtion
for suseptibility, we numerially alulate the loal value
of the rossover parameter over the omplete experimen-














It is essential to note that for eah uid for whih Γ+ is
known, Eq. (74), applied in the extended asymptoti do-
main ∆τ∗ . LXe
EAD
, takes equivalent Ising-like meaning
to Eq. (32) applied within the Ising-like preasymptoti
domain ∆τ∗ . LXe
PAD
. In Figure 4b, we have reported as
a urve labeled 2, the alulated value of ϑL as a fun-
tion of ∆τ∗, using Eq. (74) with Γ+ = 0.0578204 [see Eq.
(39)℄. The available part of these urves 1 and 2 must
be restrited to the experimental temperature range il-
lustrated by the segment labeled GC.
For both ases, the ϑL-hange as a funtion of ∆τ
∗
within the range 10−3 . ∆τ∗ . 10−1 of Fig. 4b, an
be approximated by our hypothetial Ising-like asymp-
toti value ϑ = 0.021069 of Eq. (39). In Fig. 4 the
orresponding urves (labeled 1 and 2) of the residu-




− 1) (expressed in %), together
with their mean urve (labeledm), are given. In the tem-
perature range 5 × 10−3 . ∆τ∗ . 10−1 of Fig. 4, the
green area orresponds to the error-bar of ±15% for both
determinations. Even at suh large values of ∆τ∗, the
main signiant result obtained from the massive renor-
malization sheme, is the estimation of the temperature-
like rossover parameter in onformity with the asymp-
toti two-sale-fator haraterization of the uid, espe-
ially using the true saling Eq. (74).
Suh a temperature range where a measurable value
of the exponent dierene γ−γe ours, was largely inves-
tigated in the seventy's (author?) [42℄, when the saling
approah of the uid universality was based on the ef-
fetive universal values of the ritial exponents - as
for example γe = 1.211 (author?) [43℄, γeos = 1.19
(author?) [24, 42℄, and γe = 1.16665 (author?) [13℄
- involved in eetive power laws and/or eetive uni-
versal form of a resaled equation of state. Antiipating
a more detailed disussion given in Appendix A, we an
use the data reported on Table V for these γe values
to easily demonstrate, using the orresponding arrows in
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Figure 4: (Color on line) Ising-like asymptoti behaviors of:
(a), the eetive exponent γe for the xenon isothermal sus-
eptibility, (b), the xenon rossover parameter ϑL, and (),
the perent deviation between ϑL and the xenon asymptoti
sale fator ϑ alulated from the sale dilatation method, as
a funtion of the relative temperature ∆τ∗ (lower horizontal
axis) and the theoretial orrelation length ℓ
th
(upper hori-
zontal axis); urve labeled MR: from MR rossover funtion
of Eq. (23) and xenon parameters of Eq. (40); urve GC4:
from a t of the Güttinger and Cannell's data by Eq. (43)
and xenon parameters in Table IV line GC4; urve 1: from
Eq. (71); urve 2: from Eq. (74); Curve m: mean value of
urves 1 and 2; lines labeled CPM and MSR: with ϑX -values
of Table III obtained from the tting results of the Güttinger
and Cannell's data by CPM and MSR rossover funtions (see
text).
Fig. 4a, the Ising-like nature of the overed temper-
ature range ∆τ∗ . 0.05 − 0.1 ≪ ∆τ∗∆, or alternatively
but equivalently, the Ising-like nature of the overed
orrelation length range ℓ
th
& 70 > 2.5L{1f}. That also
gives interest to revisit (author?) [17℄ the eetive uni-
versal formulation of a parametri equation of state using
the master rossover funtions to validate the universal
features observed in the well-dened Ising-like extended
asymptoti domain of the uid sublass.
Finally we note that, when Tc and αc are known, the
mean rossover funtions take a onvenient ontrolled
form to determine a single rossover parameter ϑL in
a temperature range beyond the Ising-like preasymp-
toti domain. The Ising-like nature of this rossover pa-
rameter is then revealed by the dimensionless value of
a single harateristi length. However, to dene the















, one needs a data alibra-
tion from measurements performed within the Ising-like
preasymptoti domain. The pratial interest of this data
alibration is given in the Appendix A, without referene
to the estimated preision of the experimental method
able to provide suh measurements in this losest tem-
perature range.
In the absene of expliit thermodynami denition for
the prefators L∗0,L, X
∗
0,L and the rossover parameter
ϑL [or for the sale fators g0, ϑ, and ψρ℄, the remain-
ing diulty is to ompare between distint uids whih
show dierenes in their uid-dependent amplitudes ξ+0 ,
Γ+, and a+χ . This diulty an be solved by applia-
tion of the sale dilatation method when the loalization
of their liquid-vapor ritial point is known, as shown in
Appendix A for the xenon ase.
5. CONCLUSION
Using xenon as a standard ritial uid, and the mean
rossover funtion for suseptibility in the homogeneous
phase as an illustrative example, we have estimated the
values of the uid-dependent parameters whih are om-
patible with the universal features predited by the mas-
sive renormalization sheme. A speial mention for the
three dimensionless parameter haraterization within
the Ising-like preasymptoti domain was given, in spite
of the large theoretial and experimental unertainties at
suh losest temperature distane to the ritial tem-
perature. Using the abundant literature now available
from several ttings of Güttinger and Cannell's data,
we have demonstrated the great advantage of the mean
rossover funtions to provide an unambiguous determi-
nation of one uid-dependent rossover parameter out-
side the Ising-like preasymptoti domain. Speially, we
have learly shown that the value of this rossover param-
eter is entirely governed by tting the data at largest
distane to the ritial point, leading for example to an
apparent redution of the unertainty in the determina-
tion of the amplitude of the rst onuent orretion-
to-saling term. Finally, the magnitude of the resulting
deviations and the range of temperature where it is to be
observed are exatly aounted for.
However, in the absene of ontrolled information
about the Ising-like preasymptoti domain desription,
only the similar use of the omplete set of mean rossover
funtions applied to several properties is able to demon-
strate that the rossover parameter onserves its Ising-
like nature, even outside the Ising-like preasymptoti
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domain. Alternatively, it was reently proposed in II
and herafter justied in the Appendix A for the xenon
ase, an appropriate modiation of the mean rossover
funtions whih only uses three master (i.e. onstant)
parameters. The modied rossover funtions represent
the master (i.e. unique) singular behaviors of the one
omponent uid sublass in a well-dened Ising-like ex-
tended asymptoti domain. In suh a situation, the real
extension and amplitude of the singular behavior of the
uid properties an be estimated for any one-omponent
uid for whih the vapor-liquid ritial point is loalized
in the pV T phase surfae.
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Appendix A: ISOTHERMAL COMPRESSIBILITY
OF XENON
In the rst part of this Appendix we alulate the har-
ateristi parameters of xenon involved in Eqs. (38) and
(39), by using the sale dilatation method (author?)
[13, 14℄. The needed information is then given by the set
Qminc,ap¯ made of four ritial oordinates of the xenon rit-
ial point. Indeed, for any one-omponent uid, Qminc,ap¯
reads as follows (II)
Qminc,ap¯ =
{








is the ritial moleular volume and γ
′
c is
the ommon ritial diretion at the ritial temperature
of the ritial isohori line and the saturation pressure
urve in the p;T diagram.
The seond part shows that the xenon parameters
given by Eq. (40) an be used as entry data for the
Eqs. (3) and (23) to represent aurately the singular
behavior of the xenon isothermal ompressibility in the
temperature range suh as T − Tc . 5− 10K.
The last part disusses the data alibration and the
uniqueness of the Ising-like rossover parameter within
the extended asymptoti domain.
1. Xenon data soures from appliation of the sale
dilatation method
a. Xenon ritial oordinates
The seleted ritial oordinates of xenon are:
Tc = 289.733K;
pc = 5.84MPa;
ρc = 1113 kgm
−3






withmp¯ = 2.181× 10−25 kg.
(A2)
They result from the ombined analysis (author?)
[12, 13℄ of pV T measurements of Habgood and Shnei-
der (author?) [46℄, and oexisting density measurements
of Weinberger and Shneider (author?) [45℄, Cornfeld
and Carr (author?) [63℄, Thoen and Garland (author?)
[67℄, and Balzarini and oworkers (author?) [70, 71℄.
The xenon ritial temperature and pressure were xed
to the values reently provided by Gillis et al (author?)
[72℄ whih are ompatible with Tc = 289.740 ± 0.003K
and pc = 5.8400± 0.0005MPa obtained from Shneider
et al's measurements.
The ρc value has an unertainty of ±5 kgm−3 (∼
0.5%), whih aounts for the ρc values of Shneider
et al's (ρc = 1110 ± 2 kgm−3) (author?) [45, 46℄,





dierent estimations) (author?) [63℄, Baidakov et al's
(ρc = 1112.8±n.a. kgm−3) (author?) [64℄, and Balzarini
et al's (ρc = 1099 ± n.a. kgm−3 (author?) [70℄, ρc =




c = 0.1192 ± 0.0005MPaK−1 (∼ 0.5%)
was estimated by one of us (author?) [12℄ by graphi-
al analysis of the pV T measurements of Habgood and
Shneider, whih agrees to other literature values γ
′
c =











c value used in Ref. (author?) [72℄ diers
by 0.19%.
More generally, we note the remarkable agreement with
the ritial set dened by Gillis et al (author?) [72℄ in
their reent analysis of the sound attenuation (in the fre-
queny range 100 < f (Hz) < 7500) within thermoaous-
ti layers between solid surfaes and xenon at ritial
density.
b. Physial and master amplitudes from the sale dilatation
method
>From Eq. (A2), the ritial values [see Eq. (38)℄ of
the energy (βc)
−1
























− 1 = 4.91373 (A4)
We have alulated the values [see Eq. (39)℄ of the xenon
amplitudes Γ+, ξ+0 , and a
+
χ , (or a
+
























+ = 0.184333 nm)
(A5)
where the respetive values of the master amplitudes Z+ξ ,





Hereabove, universal features within the Ising-like






















The amplitude value ξ+0 = 0.184333 nm estimated using
the sale dilatation method, ompares favorably with the
one ξ+0 = 0.1866± 0.001 nm reently used by Gillis et al
(author?) [72℄ to analyze sound attenuation within ther-
moaousti layers between solid surfaes and xenon at
ritial density. Moreover, this amplitude value is also in
agreement with the following ones obtained from analyses
of (stati and dynami) light sattering measurements:
(i) ξ+0 = 0.2 nm, with ν = 0.63, in the temperature range
22mK ≤ T−Tc ≤ 3.3K [i.e., 8×10−5 . ∆τ∗ . 10−2℄ (see
Refs. (author?) [49, 50, 52℄); (ii) ξ+0 = 0.1934 nm, with
ν = 0.62, in the temperature range 2.6mK ≤ T − Tc ≤
10K [i.e., 9× 10−6 . ∆τ∗ . 3.4× 10−2℄ from Ref. (au-
thor?) [53℄; (iii) ξ+0 = 0.184± 0.009 nm and one onu-
ent orretion term (with a+ξ = 0.55 and ∆ = 0.5), in
the temperature range 28mK ≤ T − Tc ≤ 3.65K [i.e.,
9.6 × 10−5 . ∆τ∗ . 1.26 × 10−2℄ from Ref. (author?)
[21℄.
Using the above xenon parameters in the theoretial
estimation of the orrelation length, we also underline
that the agreement with the experimental measurements
extends to the range
ξ
αc
& 3, i.e., in a temperature range
∆τ∗ . LXeEAD ≃ (2− 3)× 10−2 whih extends largely be-
yond the Ising-like preasymptoti domain (see Ref. (au-
thor?) [10℄). For example, at the alibration temper-
ature T = Tc + 1K (∆τ
∗
C2
= 3.45137 × 10−3, see be-
low), our alulated value of the orrelation length is
ξ = 68.6323Å (i.e., ξ
αc
≃ 7.8), while the experimen-
tal values are ξ = 71.14Å (author?) [50℄, ξ = 64.66Å
(author?) [53℄, and ξ = 67.56Å (author?) [21℄. Es-
peially onsidering the light sattering measurements
of the isothermal suseptibility and the turbidity of
xenon reported by Güttinger and Cannell (author?)
[21℄, we note that the turbidity data are tted in the
Orstein-Zernike approximation within a 1% preision in
the temperature range 28mK ≤ T − Tc ≤ 2.54K [i.e.,
9.6× 10−5 . ∆τ∗ . 8.76× 10−3℄ , using the present the-
oretial estimation of the orrelation length and isother-
mal ompressibility. In partiular, we estimate the ref-
erene value τ (T
or
= Tc + 0.6677K) = 4.1067m
−1
of the
turbidity, in exellent agreement with the Güttinger and
Cannell's one τ (T
or
) = 4.1m−1 (author?) [21℄, without
any adjustable parameter.
. Mean and master forms of a theoretial rossover
funtion
The master modiations of the mean rossover fun-
tions of Eqs. (1) and (2) use the following values of three
master (i.e., onstant) fators (author?) [17℄
Θ{1f} = 4.288× 10−3
L{1f} = 25.6936
Ψ{1f} = 1.73847× 10−4
(A8)
The two sale fators ϑ and ψρ [see Eq. (40)℄ needed by
the massive renormalization sheme are related to Yc and





2 Ψ{1f} = 3.2507× 10−4 (A9)
In addition, the values of Eq. (61) for the metri prefa-
tors L∗0,L and X
∗
0,L are alulated by using the following
equations














These two independent prefators are two harateristi
parameters of xenon, whih permit to alulate all the
other xenon prefators of the modied rossover fun-
tions, in onformity with the two-sale-fator universal-
ity.
2. Theoretial representation of the isothermal
ompressibility in the temperature range
T − Tc . 5− 10K
We an immediately ompare all the published








data for xenon at ρ = ρc, to the esti-
mated values by using the mean rossover funtion of Eq.
(2) and the xenon parameter set of Eq. (39). A omplete
view of the results is shown in Fig. 5 whih overs about
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Figure 5: Isothermal ompressibility of xenon along the ritial isohore; Only the points orresponding to the pV T data given
in Table V are reported; Inserted labels are ommon for all the gures (see text).
six deades on the temperature distane (the data soures
are given below; see Table V). The related numerial res-
olution of this piture is suh that the size of eah data
point (inluding the alibration data points dened be-
low) orresponds to a relative error-bar of ±5%, while the
thikness of the theoretial urve (label MR) aounts
for one of ±3%. As expeted from our previous analysis
(author?) [10℄, no dierene larger than ±5% is visible
between the urve and the experimental data points on
the extended asymptoti domain (labeled EAD) suh as







≈ 2 × 10−2
(see also below the Fig. 7 and the related disussion).
In addition, the thikness of eah (olored) line, having
harateristi slope γe,pV T , amplitude Γ
+
e,pV T , and olor
indexation given in Table V, represents ±1.5% relative
error-bar.
a. Data soures for xenon isothermal ompressibility
As shown in the lower part of Figure 5, the omplete
temperature range 1mK . ∆T . 400K (i.e. 3× 10−6 .
∆τ∗ . 1) is overed by suessive overlap between κT
data whih originate from three distint experimental
22
T − Tc 283.41 233.41 183.41 133.41 108.41 83.41 58.41 33.41 23.41 13.41 10.41 8.41 6.41 Ref.
106κT 0.01883 0.02348 0.02912 0.04078 0.05095 0.06772 0.10074 0.18695 0.8961 (author?) [44℄
0.04145 0.05185 0.06904 0.10227 0.19268 0.29065 0.56344 1.0099 (author?) [47℄
0.54791 0.73594 1.3020 (author?) [12℄
0.555 (author?) [12℄
(±0.008)
T − Tc 4.91 3.41 2.41 1.80 1.4 1.0 0.6677
∗ 0.8 0.6 0.4 0.2 0.1 0.001
106κT 5.7371 7.8543 11.858 22.701 36.640 79.11 204.86 (author?) [46℄
1.7835 2.7224 4.1139 15.432 (author?) [12℄
11.95 19.64∗ 58562 (author?) [12℄
(±0.15) (±1%) (±800)
Table V: Values of the isothermal ompressibility κT (expressed in Pa
−1
) of xenon obtained from the pV T measurements along
the ritial isohore ρc = 1113 kgm
−3
, as a funtion of T − Tc (expressed in K); The lower part orresponds to data obtained
within the Ising-like extended asymptoti domain; Asterisk indiates the referene values used by Güttinger and Cannell to
alibrate their light sattering measurements of the isothermal ompressibility; (see text).
methods: pV T measurements with labels pV T (B) (au-
thor?) [44℄, (M) (author?) [47℄, and (HS) (author?)
[46℄; light diusion or turbidity measurements with label
LS (GC)(author?) [21℄, and Franhauer interferometry
measurements with label IF (HM) (author?) [54, 55℄.
Within the main part of the temperature distane to Tc
[typially 0.1K . ∆T . 400K, (i.e., 3 × 10−3 . ∆τ∗ .
1)℄, κT is obtained from pV T measurements (author?)
[44, 46, 47℄, generally using graphial (author?) [12℄ or
numerial tting (author?) [42℄ of the [p (ρ)]T isotherms






at the seleted ritial density.
We have also reported in Table V the κT -values obtained
from pV T measurements whih were used in our analysis.
A notieable spei situation ours for xenon where the
high preision of the pV T measurements of Habgood and
Shneider (author?) [46℄, an be used to hek arefully
the overlap [in the temperature range 0.2K . ∆T .
1.8K, (i.e. 6× 10−4 . ∆τ∗ . 6× 10−3)℄ with the optial
methods.
In the intermediate temperature range [typially
30mK . ∆T . 15K, (i.e., 10−4 . ∆τ∗ . 5 × 10−2)℄,
the analyses of the light (diusion or transmission) in-
tensity measurements (author?) [21℄, as a funtion of
∆T = T − Tc, provide interrelated data of the orrela-
tion length ξ and isothermal suseptibility χρ,T . κT is







In the losest temperature range [1mK . ∆T . 10K,
(i.e., 10−4 . ∆τ∗ . 3 × 10−2)℄, the uid density prole
versus the ell height subjeted to the gravitational eld
generates Franhauer interferograms (author?) [54, 55℄
whih are related to the isothermal ompressibility (au-
thor?) [55, 56℄. However, as already noted by Levelt-
Sengers et al (author?) [43℄, the published results in
Ref. (author?) [54℄ needs to be reonsidered before a
quantitative omparison with other ones in overlaping
temperature ranges.
In order to fous our attention in the restrited tem-
perature range 0.3K . ∆T . 5K, around the entral
value T ≃ Tc + 1.25K (see below next ), we have also
used the isothermal ompressibility data obtained from
the dynami ligth sattering data of Cannell and Benedek
(author?) [51℄, and from the stati ligth sattering data
of Smith et al (author?) [50℄, as omplementary data
soures.
A realisti estimation of the experimental unertainty
is of the order of 10% when omparison is made between
the data obtained from the dierent methods (the optial
method being of high relative preision but lower absolute
preision; see for example Fig. 6 below).
b. Eetive tting results
To omplete our analysis of the Güttinger and Can-
nell's measurements, we have also made a omparison
with the published tting results, obtained from pV T








The γe,pV T and Γ
+
e,pV T values are reported in Table VI, in




of the experimental temperature range. The labels
#6, 5, 4, of the lines of Table VI orrespond to the re-
spetives labels #6, 5, 4, of the olumns of Table II. The
typial error-bar values of these tting results are given in
line #6. At eah restrited temperature range, we have










(in log sale). So that, in the next Fig. 7, eah eetive
power law result is illustrated as a form of a (olored)
point-segment (with γe,pV T -value as a label) overing the
range ∆τ∗
min
≤ ∆τ∗ ≤ ∆τ∗
max






In this Table VI, results (author?) [12℄ given in line
labeled #γ
MF





















(Table II) Eq. (74)
#6 1.211 (±0.02) 0.0743 (±0.015) (author?) [43℄ 6.9× 10−4 6.2× 10−3 2.07 × 10−3 2.95× 10−3 2.3 0.04676
#5 1.190 0.0793 (author?) [42℄ 2.8× 10−3 4.6× 10−2 1.13 × 10−2 1.135 × 10−2 −1.9 0.01429
#4 1.1665 0.089 (author?) [14℄ 6.2× 10−3 8.1× 10−2 2.24 × 10−2 3.338 × 10−2 0.1 0.02618
#γ
MF
1 0.11 (author?) [12℄ 0.5 1 7.1× 10−1 (∞) 30. n.a.
Table VI: Lines with labels #6, 5, 4 (orresponding to the olumns with same labels in Table II): Eetive exponent γe,pV T
(olumn 2) and amplitude Γ+e,pV T (olumn 3) of a power law desription of Eq. (A11), for κ
∗
T obtained from xenon pV T











referenes given in olumn 4; Calulated values of the loal temperature distane ∆τ∗
th







(olumn 8), expressed in %, between experimental (Γ+e,pV T ) xenon amplitude and alulated ( Γ
+
e,th
) xenon amplitude from Table II line 12; Calulated values of xenon rossover parameter ϑL (olumn 10) from Eq. (74); Line
with label #γ
MF
: Equivalent results for γe = γMF = 1 (see text); n.a.: non available.
Beattie et al (author?) [44℄, where the mean-eld value
γe = γMF = 1 of the eetive exponent an be observed at
large temperature distane from Tc (typially ∆τ
∗ > 0.5,
see also Ref. (author?) [22℄).
A similar introdution of the eetive power law to
analyse the results of light sattering experiments gives
aess to a quantitative omparison between the pV T
and light sattering measurements of the isothermal om-
pressibility. As a matter of fat, Güttinger and Cannell
have laimed that the orretion to saling terms are im-
portant by demonstrating that the suseptibility deviates
systematially from a simple power law behavior with the
eetive exponent value γe = 1.206. More preisely, Fig.
2 of Ref. (author?) [21℄ shows that γe ≃ 1.206 is the
slope of the tangent line to the rough experimental be-
havior at ∆τ∗γe=1.206 ≃ 4.5 × 10−3, i.e., the temperature
distane whih orresponds to the minimum of the de-
viation urve in this Fig. 2. We have used this result
to renew a t of twelve ompressibility data measured in
the restrited temperature range 9.115× 10−4 ≤ ∆τ∗ ≤
1.95×10−2 (i.e., 0.26K ≤ ∆T ≤ 6.90K), i.e., a tempera-





very lose to the ∆τ∗γe=1.206 one. As expeted, our t-
ting values γe = 1.205879 and Γ
+
e = 0.07551466 (re-
ported in line #GCe of Table VII), are in exellent agree-
ment with the Güttinger and Cannell's ones γe = 1.206
and Γ+e = 0.075135. The latter amplitude value was
alulated applying a −4% orretion (orresponding to
the t deviation observed in this restrited tempera-
ture range) to the eetive amplitude of the published
original t. This resulting power law behavior may be
seen from Fig. 6 whih gives the % residual between
the dimensionless isothermal ompressibility and the t-




us, the most important onsequene of the high rela-
tive preision of the Güttinger and Cannell's measure-
ments is the demonstration that a well-dened loal value
γe ≃ 1.20588 of the eetive exponent an be mea-
sured at a well-dened loal value (T − Tc ≃ 1.260K)
of the temperature distane to Tc. Aordingly, by ex-
pressing now the ondition γe,th = 1.205879 in omple-
ment to the similar eight onditions given in Table II for
the theoretial rossover funtion of Eq. (2), suh a lo-
al value of the eetive exponent must be observed at
∆τ∗th (γe,th = 1.2058) = 4.347×10−3, while the alulated
loal values of the eetive theoretial and xenon ampli-
tudes are Z+χ,e = 0.396926 and Γ
+
e,th (γe,th = 1.2058) =
0.0747481. We will exploit the notieable agreement be-
tween the experimental and theoretial loal value of the
eetive power law behavior in the last  of the Ap-
pendix. We note that the alulated value of the or-
relation length is then
ξ(γe≃1.20588)
αc
≃ 6.764, i.e, within
our expeted range for the Ising-like extended asymptoti
domain previously dened by the ondition ℓ∗ = ξ
αc
& 3.
Previously, in a rst approah independent of any one-
parameter rossover theory, it is neessary to ontrol that
the ompressibility data obtained by any other measure-
ment method overing a similar restrited temperature
range, are satisfying this eetive power law behavior
with omparable values of the related eetive ampli-
tudes. This is the objet of the results given in lines
#pV T, CB, SGB of Table VII (see also Fig. 6), where
we have used:
i) line #pV T , the pV T data of Table V overing the
temperature range 0.1K ≤ T−Tc ≤ 10.41K (i.e., 3.451×
10−4 ≤ ∆τ∗ ≤ 3.593× 10−2);
ii) lines #CB, the dynami ligth sattering data of
Cannell and Benedek (author?) [51℄ overing the tem-
perature range 0.2K ≤ T − Tc ≤ 20K, i.e., 6.9× 10−4 ≤
∆τ∗ ≤ 6.9× 10−2, and
iii) lines #SGB, the stati ligth sattering data of
Smith et al (author?) [50℄ overing the temperature
range 0.045K ≤ T − Tc ≤ 5.1K, i.e., 1.553 × 10−4 ≤
∆τ∗ ≤ 1.76× 10−2 .
In the pV T ase, the tting values of the exponent-
amplitude pair onrm the power law behavior observed
from Güttinger and Cannell's measurements of high rel-
ative preision. On the other hand, we have reported the
initial tting results [lines#CB, SGB, (a)℄ of Refs. (au-
thor?) [50, 51℄. They are only used to illustrate quanti-
tatively the eets due to a large unertainty on measure-






















GCe 1.205879 0.07551466 t.w.
9.115 ×10−4
1.95 ×10−2
4.215 × 10−3 4.347 × 10−3 0.0747481 1.03 0.396926 0.0285147
pV T 1.204519 0.07590869 t.w.
3.451 ×10−4
3.593 ×10−2
3.521 × 10−3 4.778 × 10−3 0.075298 0.81 0.40195 0.0265262








() 1.201586 0.0768207 t.w. 5.804 × 10−3 0.076466 0.46 0.41283 0.0238014








() 1.204381 0.0755227 t.w. 4.823 × 10−3 0.075354 0.22 0.40246 0.0224563
Table VII: Fitting results using an eetive power law equation κ∗T = Γ
+
e (∆τ





(see text); The alulated loal values of the temperature distane ∆τ∗
th
(olumn 7), the xenon amplitude Γ+e,th
(olumn 8), the universal amplitude Z+χ,e (olumn 10), and the xenon rossover parameter ϑL (olumn 11), are for eah ondition
γe,th = γe ; t.w.: this work.
iments(author?) [50℄, or to an indiret estimation of the
magnitude of the ompressibility from an elaborate and
omplex analysis of the Brillouin spetra of xenon (au-
thor?) [51℄. For example, the numerial values found
from Ref. (author?) [50℄ with γe = 1.21 an be multi-




0.06742 ≃ 1.14 to math those
reported in Ref. (author?) [51℄. However, in spite of
the importane (≃ (10− 20)%) of these eets, we have
onrmed with our tting results [lines #CB, SGB, (b)℄
that the value of the eetive exponent is well in the range
γe ≃ 1.20− 1.21 for the restrited temperature range se-
leted here. In addition, the large unertainty on the
experimental value of the eetive amplitude an be de-
reased by using our alibrated value of the isothermal
ompressibility at T = Tc + 1K. For example, after al-
ibration [lines #CB, SGB, ()℄, the eetive amplitude
for Cannell and Benedek's data was lowered by 1.573%,
while the one for Smith et al's data was inreased by
11, 21%, in agreement with around ≃ 14% initial devia-
tion between these two data set.
Finally, as reported in olumn 9 of Table VII, the per-










between the experimental and theoretial eetive am-
plitudes for the four experimental values of the eetive
exponent γe is on the 1%-level. In Fig. 6, we have also









(expressed in %) between eah experimental data κ∗T and
the alulated one κ∗T,GCe using the eetive power law
κ∗T,GCe = 0.07551466 (∆τ
∗)
−1.205879
as referene (see line
#GCe in Table VII). We note the data agreement at the
same perent level that the preision on the alibrated
values of the isothermal ompressibility, whih leads to a
onlusion that the experimental values of the eetive
amplitude Γ+e are estimated with an unertainty of 1%.
Therefore, in a seond approah foussed on the valid-
ity test of the one-parameter rossover modelling in pure
uids, whih will be disussed below in  A.3, all these
tting results with eetive values of the exponents ob-
served in a small restrited temperature range at large
temperature distane to Tc are appropriate:
i) to hek the alibration of the leading asymptoti
amplitude Γ+ (with γ xed);
ii) to verify the uniqueness of the sale fator ϑ by
estimating the related loal values of ϑL, and then,
iii) to ontrol the master values of the leading ampli-
tude Z+χ = 0.119 [related to Γ+, see Eq. (A5)℄ and the
onuent amplitude Z1,+χ = 0.555, [related to ϑ, see Eq.
(A5)℄.
. Data omparison from referene to the master rossover
funtion
Data omparisons are magnied in the three parts (a),
(b), and (), of Figure 7 (in lin-log sale), either as a fun-
tion of ∆τ∗ in the lower horizontal axis, or as a funtion
of the theoretial (ℓ
th
) and master (ℓ∗ = ξ
αc
) orrelation
lengths (author?) [10℄ in the upper horizontal axis. The
extensions of the Ising-like preasymptoti and extended
asymptoti domains, the seleted γe-onditions of Table
II, and eah experimental temperature range, are illus-
trated as in Fig. 2.
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Figure 6: Residuals %R (κ∗T )
GCe
(expressed in %) of




0.07551466 (∆τ∗)−1.205879 (see text); The horizontal and ver-
tial (pink) lines permit to dene the loal values of the
eetive amplitude (Γ+e,γe = 0.99 × 0.07551466) and the
temperature distane [∆τ∗th (γe) = 4.347 × 10
−3
, see Table




∗)−γe , is tangent to the experimental singular
behavior measured by Güttinger and Cannell, at the ontat
point of oordinates
˘







also Table VII and text); Horizontal segment labeled GCe:
restrited temperature range of the t by the eetive power
law κ∗T,GCe = 0.07551466 (∆τ
∗)−1.205879 ; (olored) symbols:
see inserted legend and Tables V and VII; All the other in-
serted labels are idential to the ones previously used.




timated from the rossover funtion [(blak) urve MR℄
is given in Figure 7a. Suh a presentation magnies the
role of the theoretial γ-value on the determination of
the leading amplitude Γ+lose to Tc (given by an hor-
izontal asymptoti limit for ∆τ∗ → 0). Correlatively,
at large values of ∆τ∗, the inreasing ontribution of
the onuent orretions is well demonstrated by the de-
reasing γe,pV T -values, here given by the diretion of eah
point-segment losely tangent to the MR urve (see Ta-
ble VI). Only the published experimental data points
[(pink) small irles℄ and tting result [GC4 (pink) line℄
of Güttinger and Cannell's measurements are reported in
this Fig. 7(a).









in %, for all the seleted data, are reported in part
(b). The aurate (∼ ±3%) theoretial representation
of pV T data of Habgood and Shneider and light sat-
tering data of Güttinger and Cannell onrms that the
extended asymptoti domain is well suh that ∆τ∗ .
LXe
EAD
∼ 0.02− 0.03, whih well orresponds to the range
ℓ∗ = ξ
αc
& 2− 3 of aurate theoretial representation of
Figure 7: Fitting results of xenon isothermal ompressibility
κ∗T , as a funtion of ∆τ
∗
(lower horizontal axis) or orrela-
tion lengths (upper horizontal axes), by using Eq. (23) with




alulated onuent orretion from the rossover funtion);
(b) Residuals R%(κ∗T )
MR
(expressed in %), for all the ex-
perimental data and tting results seleted in this work from
referene to the theoretial estimation by the rossover fun-
tion; () Same as Fig. 4(b), alulated ϑL [line MR: using the
sale dilatation method; line 1: from Eq. (71); line 2: from
Eq. (74); olored point-segments: from Table VI, olumn 10;
rosses: from Table VII, olumn 11℄; All the inserted labels
and symbols are idential to the ones of the previous gures
(see text).
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the master singular behavior of the orrelation length, as
previously observed.
In Figs 7(a) and (b), a signiant dierene ours in
the ase of the atual mean eld like behavior represented
by the segment γpV T = γMF = 1 (see line 5 of Table
II). In the temperature range 90K . ∆T . 300K, (i.e.,
3 × 10−1 . ∆τ∗ . 1), the eetive lassial-to-ritial
rossover for xenon is not aounted for by the mean
rossover funtion. In addition, eah part (a) and (b) also
ontains the relative position of a grey segment (labeled
vdW) whih orresponds to the mean-eld-like equation
κ∗T∆τ
∗ = 16 , where xenon is assimilated to a van der





That learly illustrates the failure of the van der Waals
equation of state lose to the liquid-gas ritial point.
Figure 7() is similar to Figure 4(b). Now we have
added the point-segment representation of the values of
ϑL,pV T alulated using Eq. (74) and the tting results
of the pV T measurements with Eq. (A11), as reported in
Table V. We will return below to the disussion of these
pV T results whih onrm that the xenon rossover is
haraterized by a unique value [Eq. (61)℄ of the sale




3. Data alibration and related disussion to the
uniqueness of the rossover parameter
As already evidened in the seventy's (author?) [42℄,
tting the experimental singular behavior using Wegner-
like expansion with a limited number of terms generates
large unertainty in the amplitude determination, due
to the low onvergene of this expansion. Examining
more arefully the isothermal ompressibility data ob-
tained from interferometry (author?) [55℄, light sat-
tering (author?) [21℄, and pV T (author?) [44, 46, 47℄
measurements, it was noted by one of us (author?) [12℄,
that a restrited three-term Wegner-like expansion, with
xed exponent values γI = 1.24±0.01 and ∆I = 12±0.05,
an provide satisfatory representation of the κT singular
behavior in the range T −Tc . 13K (see for example the
urve G3 in Figure 7b) whih orresponds to Eq. (43)
with Γ+ = 0.0577, a+1χ = a
+
χ = 1.55, a
+
2χ = −1.3, and
a+3χ = 0; see Table IV, last line). It was onjointly shown
that Γ+, a+χ , and a
+
2χ an also be alulated using three
alibrated values at three seleted temperature distanes
(in logarithmi sale, see below). The orrelative main
results were the estimation of min (a+χ,min ≃ 0.6) and
max (a+χ,max ≃ 1.8) values of a+χ and the evaluation of
the orrelated error-bars whih an then be ontrolled
by a areful analysis of the residuals.
We reall the main advantages of suh a three points
alibration approah, rst by examining the estimation
of the leading amplitude and its attahed unertainty for
the losest point to the ritial point.
a. Calibration of the leading amplitude the losest to the
ritial point
At T − Tc = 1mK (∆τ∗
C1
= 3.45137 × 10−6),
whih orresponds to the lowest temperature distane
aessible by interferometry experiments of Hoken
and Moldover (HM) (author?) [55℄, the standard
dimensionless value of the isothermal ompressibility
was dened suh that κ∗T,1 (∆τ
∗
C1













max = (3.415± 0.035) × 105
with
{
γI = 1.240; Γ
+










These initial values of the leading amplitude Γ+ were
re-evaluated aounting for the small dierene with
γ = 1.2395935. Similar re-evaluation was onjointly
made for the leading amplitudes ξ+ (of the dimensionless
orrelation length ξ∗) and B (of the dimensionless order
parameter density ∆ρ∗LV ) due to the small dierenes in
ν and β values. The updated values of the orresponding
leading amplitudes (suh as Γ+ (Xe) = 0.05782± 0.0006)
were then used to optimize the new entral values of the
orresponding master amplitudes (suh as Z+χ = 0.119
reported here), using Eqs. (A6), orresponding values
of the ritial parameters [see Eq. (A2)℄, and the























R+C = 2.92638 (with R
+
ξ = 0.2696967 and
R+C = 0.057406 (author?) [7℄). Finally, seleting
Z+χ = 0.119 and ZM = 0.468 (author?) [73℄ as entral
values for two independent master amplitudes, any
other (master and physial) leading amplitude an be
alulated with the numerial preison of the massive
renormalization sheme. For example, the number of
digits in the quoted value Z+ξ = 0.570481 is similar to
the numerial preision of Z+ξ = 2.121008 (see Table
Ia), and more generally, data of Eqs. (A6) to (A11) are
obtained aording to this sheme.
Considering now the γ dierenes between the theo-
retial estimations, we an admit that the mean value
γ = 1.2395935 (see Table Ib) is on the range γ
low
≃
1.235 ≤ γ ≤ γ
high
≃ 1.242. The max value γ
high
≃ 1.242
was used in our initial tting of the GC data (see line
2 of Table III), while the min value γ
low
≃ 1.235 was
reently estimated from the minimal subtration sheme
(author?) [29℄. The orrelative eet on the Γ+ value is















= 0.062, respetively. This theoretial uner-
tainty level appears then omparable to the experimen-
tal one (∼±5%), when the γ and Γ+ values are obtained
from interferometry measurements lose to the ritial
point. For example, the initial free values are γ = 1.23
and Γ+ = 0.062 ± 0.006 (author?) [55℄, while a subse-
quent analysis made for xed γ = 1.24 gives Γ+ = 0.058±
27
0.002 (author?) [56℄. As a result, we note that the al-
ibrated value of κ∗T,1 (∆τ
∗
C1
) = (3.415± 0.035)× 105 re-
mains well representative of the theoretial analyses of
the interferometry measurements at this losest temper-
ature distane to Tc. However, we also reall that the
unertainty assoiated to the experimental determination
of the ritial temperature (roughly estimated of the or-
der of ±0.5mK) annot be aounted for in the above
analyses of the interferometry measurements.
To partly onlude, when the exponent γ is xed
to its Ising-like theoretial value γ = 1.2395935, the
above standard value of the isothermal ompressibility
at T − Tc = 1mK is a realisti asymptoti onstraint to
x the entral value Γ+ (Xe) = 0.05782(±0.0006) of the
leading amplitude, before to analyse the isothermal om-
pressibility data over larger temperature distanes to the
(known) ritial temperature with the objetive to es-
timate the ontribution of the onuent orretions to
saling in the xenon ase.
b. Calibration of the rst amplitude of the ritial onuent
orretion to saling beyond the Ising-like preasymptoti
domain
As indiated above, by using two other points of ali-
bration properly seleted to over the temperature range
of optial and pV T measurements, provides an ana-
lytial estimation of a+χ ≡ a+1χ and a+2χ in Eq. (43)




























































Equations (A12) and (A13) have onvenient analyti
forms to hek the inuene of the seleted values for
the exponents and alibrated points (author?) [12℄.
For example, we an hoose the alibrated points at
T2 − Tc = 1K (∆τ∗
C2
= 3.45137 × 10−3) with κT,2 =
(1.195± 0.012) × 10−5 Pa−1 (κ∗T,2 = 69.8 ± 0.7), and
T3 − Tc = 13.41K (∆τ∗
C3
= 4.62829× 10−2) with κT,3 =
(5.55± 0.08)× 10−7 Pa−1 (κ∗T,3 = 3.24± 0.04) (see Table
V). Using the updated theoretial values γ = 1.2395935,
∆ = 0.50189 (see Table Ib), Γ+ (Xe) = 0.0578204, and





= 4.62829 10−2;Y3 = 0.242478
}
, Eq. (A12)
gives a+χ ≡ a+1χ = 1.25557, while Eq. (A13) gives
a+2χ = −0.569934. The small dierene with the value
a+χ = 1.22961 alulated using Eq. (39), is due to the
similar onstrained adjustment of the rst amplitude
a+M of the order parameter density (not reported here),







= 0.9 of the re-
lated amplitude ratio (author?) [9℄. In suh an opti-
mized result from two properties, the best entral values
of the master onuent amplitudes are Z1,+χ = 0.555 and
Z1M = 0.4995, respetively. However, as previously indi-
ated, a true error-bar of the order of ±35% (at least) an
be attahed to these onuent amplitudes in the absene
of data alibration loser to Tc.
. The uniqueness of the rossover parameter and the
eetive extension of the ritial domain beyond the
Ising-like preasymptoti domain
Sine the asymptoti amplitude Γ+ is now xed, the ef-
fetive exponent-amplitude pair γe,pV T ; Γ
+
e,pV T reported
in olumns 2 and 3 of Table VI, an be used to alu-





, using the sale
transformation of Eq. (73), and the theoretial values
of Z+χ and Z
+
χ,e (γe,pV T ) given in Tables I and II. The
orresponding values of ϑL,pV T |γpV T=cte are given in last
olumn of Table VI. Eah pV T result for ϑL,pV T |γpV T
as a funtion of ∆τ∗, has then been illustrated in Fig. 7




is lose to the alulated one ∆τ∗
th
(see olumns 6 and











between the eetive amplitudes
ompare favorably with the estimated experimental pre-
ision (see olumn 8 in Table VI). Therefore, at large
temperature distane from Tc, we obtain a signiant
onrmation that the values of the eetive rossover pa-
rameter are lose to the one of the asymptoti sale fator
ϑ = 0.021069, and an then be onsidered as independent
of ∆τ∗ in the Ising-like extended asymptoti domain.
Using in a similar manner the tting results given
in Table VII, we have obtained the orresponding val-
ues of ϑL given in olumn 11. However, we have now
a better ontrol of the related unertainty, thanks to
the high preision of the ligth sattering experiment of
Güttinger and Cannell. As a matter of fat, admit-







χ,e (γe) are known with zero unertainty, while
Γ+e = Γ
+
e,th (1 + δΓ), with δΓ ∼ 1− 2%, it is easy to show


























Looking then to the perent deviation reported in Fig.
6, we an observe that the true tangent (pink) line
of slope γe = 1.20588 has an amplitude ≃ 1% lower
than the amplitude of the eetive power law κ∗T,GCe =
0.07551466 (∆τ∗)−1.205879 used as a referene (see also
Table VII olumn 9, where the alulated value of the
residual is −1% in line #GCe) . From Eq. (A14) with
δΓ = 0.01 and ϑL ≃ 0.02851 (see line #GCe, olum
11, Table VII), we obtain ϑ ≃ 0.021988 whih is in ex-
ellent agreement (+4.38%) with our initial estimation
ϑ ≃ 0.21069 from the sale dilatation method. As previ-
ously underlined, the preise desription by a loal expo-
nent value dening the slope of the tangent line to the sin-
gular behavior of the isothermal ompressibility of xenon
at a well-dened temperature distane to Tc, is one of the
major points of interest of the Güttinger and Cannell's
results to validate the one-parameter rossover modelling
predited by the massive renormalization sheme. In
a similar manner, using Eq. (A14) with δΓ and ϑL
given in lines #pV T , CB(), SGB() of Table VII, we
obtain ϑ ≃ 0.02160, 0.021232, 0.021136, and the orre-
sponding deviations+2.52%, 0.77%, 0.32%), respetively
for the three other tting results reported in Table VII.
Obviously, similar eet is produed by the unertainty
level attahed to the determination of the leading ampli-
tude Γ+, justifying onemore its independent estimation
from a standard value of the isothermal ompressibil-
ity at a temperature distane well-inside the Ising-like
preasymptoti domain.
Heneforth, the importane of the saling form of Eq.
(74) in the determination of a unique asymptoti value
for the sale fator ϑ is learly established. Moreover,
Eq. (74) is valid in the range
ξ
αc
& 2.5 − 3, or ∆τ∗ .
LXe
EAD
≃ 0.02 in xenon ase.
One omplementary remark an be formulated.
Outside the Ising-like extended asymptoti domain,
i.e., typially for ∆τ∗ ≥ 10−1 in xenon ase, it is well-
established that the Ising-like universality is not valid.
For example, inreasing the temperature distane to Tc
on the pV T data analyzes, we are able to observe the on-
tinuous dereasing behavior of γe,pV T until a value lose
to mean-eld value γe,pV T ≈ γMF = 1 when ∆τ∗ / 1 (see
Table VI). That unambiguously disriminates a sharp
domain, i.e. typially 0.3 ≤ ∆τ∗ ≤ 0.5, where γe,pV T
rosses the mean rossover value γ 1
2
= γ+γMF2 ≈ 1.12
(as initially reported in Ref. (author?) [22℄). For xenon,




. 1, that means that the orrelation length is
of the same order of magnitude or lower than the short-
range moleular interation. In Table VI, the non-dened
value ϑL,pV T |γpV T=1 (∼ ∞), orroborates that the mean-
eld behavior predited by the theoretial rossover fun-
tion with ϑ = 0.0210, is not ompatible with the pV T
experimental result Γ+e,γ
MF
≃ 0.11. Suh a typial limit
of the mean-eld-like range (see upper part of Figure
3) is well-illustrated by the orresponding transforma-
tion between the opened squares represented in Figure 3,
whih annot aount for the experimental loation of
the opened irle when γe = γMF = 1.
Finally, Figure 7 () onrms that the eetive ex-




& 3 disussed in a detailed manner in
Ref. (author?) [10℄, is well haraterized by a single
rossover parameter whose value at the largest temper-
ature range is omparable to the one of the asymptoti
sale fator estimated from the sale dilatation method.
We an onlude that singular behavior of any property
in this extended ritial domain of xenon an be alu-
lated in onformity with the universal features predited
by the massive renormalization sheme, only using the
required four ritial oordinates to dene the position
and tangent surfae of its atual liquid-gas ritial point
on the p, vp¯, T phase surfae, as expeted by one of us
two deades ago.
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